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The International Temperature Scale of 1948 


By H. F. Stimson 


The International Temperature Scale is based upon six fixed and reproducible 


equilibrium temperatures to which numerical values have been assigned and upon specified 


interpolation formulas relating temperature to the indications of specified measuring instru- 


ments. 


This is the first revision of the scale adopted in 1927. 


It is designed to conform 


as nearly as practicable to the thermodynamic centigrade scale as now known, while incor- 


porating certain refinements based on experience to make the scale more uniform and re- 


producible than its predecessor. 


A new value for the temperature of the silver point and 


the use of Planck’s law with a new value for the radiation constant, c:, are the only changes 


which produce significant effects on numerical values assigned to temperatures. 


The first International Temperature Scale was 
adopted by the Seventh General Conference on 
Weights and Measures in 1927, and is now known 
as the International Temperature Seale of 1927.' 
The General Conference on Weights and Meas- 
ures is the diplomatic body, representing 33 partic- 
ipating nations, which has power to adopt recom- 
mendations concerning standards of weights and 
measures for international use. The recommenda- 
tions are made by the International Committee 
on Weights and Measures which nominally consists 
of 18 scientists (not more than one from any 
nation) elected by the General Conference. The 
General Conference is scheduled to meet at inter- 
vals of 6 years and the International Committee 
at intervals of 2 years. 

The Seventh General Conference recommended 
that international thermometric conferences be 
called by the International Committee to revise 
the temperature scale as occasion required. The 
Eighth General Conference, in 1933, made official 
provision for these conferences. In June 1937 the 
International Committee approved the creation 
of an Advisory Committee on Thermometry, sub- 
ject to the sanction of the Ninth General Con- 
ference. 

A meeting of the Advisory Committee was first 

* Comptes Banden des Séances de la Septiéme Conférence Générale des 
Poids et Mesures, p. $4 (1927); also in Travaux et Mémoires du Bureau inter- 


national des Poids et Mesures 18 (1930); also George K. Burgess, ES J. Re- 
search 1, 635 (1928) RP22. 
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called in July 1939. It approved a revision of the 
text of the scale of 1927 for proposal to the Inter- 
national Committee, but no action was taken 
because World War IL began before the date 
originally scheduled for the Ninth General Con- 
At the call of the International Com- 
mittee, the Advisory Committee met again in 
May 1948. At this meeting three resolutions and 
a new text for the International Temperature 
Scale were approved. 

Both the International Committee and the 
Ninth General Conference met in October 1948. 
On the recommendation of the International Com- 
mittee, the General Conference sanctioned the 
creation of this Advisory Committee, which is 
to be known as the “Advisory Committee on 
Thermometry and Calorimetry”. The General 
Conference then examined and adopted the reso- 
lutions which had been proposed by the Advisory 
Committee and had been transmitted by the 
International Committee with minor modifica- 
tions. 


ference. 


The first of these resolutions concerns the Inter- 
national Temperature Seale directly and is as 
follows: 

“1. With the present-day technique, the 
triple point of water is susceptible of being a 
more precise thermometric reference point 
than the ‘melting point of ice’. 

“The Advisory Committee considers, there- 
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fore, that the zero of the thermodynamic 

centigrade scale should be defined as being the 

temperature 0.0100 degree below that of the 
triple point of pure water.”’ 

The Conference also adopted the International 
Temperature Scale of 1948 as proposed by the 
Advisory Committee on Thermometry and Calo- 
rimetry; and, on this occasion, decided to give to 
the degree of temperature the designation of 
degree Celsius in place of degree centigrade or 
centesimal. Before the end of 1948 the official text 
of the scale was approved for publication in the 
Procés-Verbaux des Séances du Comité interna- 
tional des Poids et Mesures, t. XXI, 1948. 

The National Bureau of Standards, therefore, 
in common with other national laboratories, began 
using the definitions of the International, Temper- 
ature Scale of 1948 on January 1, 1949, both in its 
own scientific work and for calibrating instruments 
for other scientific and industrial purposes. It is 
recommended that scientists and industrial work- 
ers elsewhere conform to the definitions of the 
revised scale as set forth in the text. 

A translation of the official text follows. 


Text of The International Temperature 
Scale of 1948 


Part I. Introduction 


The Kelvin seale, on which temperatures are 
designated as ° K and denoted by the symbol 7, 
is recognized as the fundamental thermodynamic 
seale to which all temperature measurements 
should ultimately be referable. On this scale 
the interval from the ice point, 7), to the steam 
point, Tyo, is 100 degrees. The Kelvin scale and 
the thermodynamic centigrade? scale, on which the 
temperature is 7—TZ), are hereby adopted, in 
principle, by the Ninth General Conference on 
Weights and Measures. Any temperature inter- 
val expressed on one of these scales will have the 
same numerical value as when expressed on the 
other. 

The experimental difficulties inherent in the 
measurement of temperature on the thermodynamic 
scale led to the adoption in 1927, by the Seventh 
General Conference on Weights and Measures, of 
a practical scale which was designated as the 

2 The General Conference, held in October 1948, decided to discontinue the 


use of the words “‘centesimal” and “centigrade” and to replace them by 
“Celsius”. 
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International Temperature Scale. This scale 
was intended to be as nearly identical with the 
thermodynamic centigrade scale as was possible 
with the knowledge then available. It was designed 
to be conveniently and accurately reproducible 
and to provide means for specifying any tempera- 
ture on the International Scale within much 
narrower limits than was possible on the thermo- 
dynamic scale. 

The scale herein defined represents the first 
revision of the scale adopted in 1927 and is de- 
signed to conform as nearly as practicable to the 
thermodynamic centigrade scale as now known, 
while incorporating certain refinements, based on 
experience, to make the scale more uniform and 
reproducible than its predecessor. 

The experimental procedures by which the 
scale is to be realized are substantially unchanged. 
Only two of the revisions in the definition of the 
scale result in appreciable changes in the numerical! 
values assigned to measured temperatures. The 
change in the value for the silver point from 960.5° 
to 960.8° C changes temperatures measured with 
the standard thermocouple. The adoption of a 
different value for the radiation constant, ¢, 
changes all temperatures above the gold point, 
while the use of the Planck radiation formula 
instead of the Wien formula affects the very high 
temperatures. The Planck formula is consistent 
with the thermodynamic scale and consequently 
removes the upper limit which was imposed by 
Wien’s law in the 1927 scale. 

Other important modifications, which 
little or no change in the numerical values of tem- 
peratures, but serve to make the scale more definite 
and reproducible are (a) the termination of one 
part of the scale at the oxygen point instead of 
at —190° C, (b) the division of the scale at the 
freezing point of antimony (about 630° C) instead 
of at 660°C, (c) the requirements for higher purity 
of the platinum of the standard resistance ther- 
mometer and standard thermocouple, and _ for 
smaller permissible limits for the electromotive 
force of the standard thermocouple at the gold 
point. 

The scale defined by the resistance thermometer 
remains substantially identical with the 1927 
scale. In the range between 630° and 1063° C, 
numerical values of temperature on the 1948 
seale are higher than on the 1927 scale, the maxi- 
mum difference being about 0.4 degree near 800° C. 


cause 
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Temperatures on the International Tempera- 
ture Seale of 1927 were designated as ° C or ° C 
(Int.). Inasmuch as the designation “C”’ is 
retained in this revision, it should be applied in the 
future to temperatures on the last scale adopted 
previous to the time at which the designation is 
used. Where any doubt might arise, the designa- 
tion should be specified as ° C (Int. 1927) or ° C 
(Int. 1948). 


Part II. Definition of The International 
Temperature Scale of 1948 


1. Temperatures on the International Tem- 
perature Seale of 1948 will be designated as “° C”’ 
or “° C (Int. 1948)” and denoted by the symbol, ¢. 

The scale is based upon a number of fixed 
and reproducible equilibrium temperatures (fixed 
points) to which numerical values are assigned, 
and upon specified formulas for the relations 
between temperature and the indications of the 
instruments calibrated at these fixed points. 

The fixed points and the numerical values 
assigned to them are given in Table I. These 
values, in each case, define the equilibrium tem- 
perature corresponding to a pressure of 1 standard 
atmosphere, defined as 1,013,250 dynes/em*. The 
last decimal place given for each of the values of 
the primary fixed points only represents the degree 
of reproducibility of that fixed point. 


TaBLe I.—-Fundamental and primary fized points under the 


standard pressure of 1,013,250 dynes/cm? 
Temperature © C 

(a) Temperature of equilibrium between liquid 

oxygen and its vapor (oxygen point)__.._ —182. 970 
(b) Temperature of equilibrium between ice 

and air saturated water (ice point) (Fun- 

damental fixed point) _____..--- cite 0 

) Temperature of equilibrium between liquid __/ 

water and its vapor (steam point) (Funda- 

mental fixed point)___ -___-_-- a 100 
(d) Temperature of equilibrium betwe een n liquid 


sulfur and its vapor (sulfur point) _--_-- 444. 600 
(e) Temperature of equilibrium between solid 

and liquid silver (silver point) _ - --_- 960. 8 
(f) Temperature of equilibrium between solid 

and liquid gold (gold point) _- 1063. 0 


4. The means available for interpolation lead to 
a division of the scale into four parts. 

(a) From 0° C to the freezing point of antimony 
the temperature, f, is defined by the formula 


R,=R OU + At+ Be), 
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and 10 percent rhodium by weight. 


where R, is the resistance, at temperature, ¢, of the 
platinum resistor between the branch points 
formed by the junctions of the current and 
potential leads of a standard resistance thermom- 
eter. The constant, Ro, is the resistance at 0° C, 
and the constants, A and B, are to be determined 
from measured values of R, at the steam and sulfur 
points. The platinum in a standard resistance 
thermometer shall be annealed, and of such 
purity that Rigo/Ry is greater than 1.3910. 

(b) From the oxygen point to 0° C, the tem- 
perature, ¢, is defined by the formula 


R,[1 + At+ BE + C(t— 100) 8], 


where R,, Ry, A, and B are determined in the same 
manner as in (a) above, and the constant, C, is 
calculated from the measured value of R, at the 
oxygen point. 

(c) From the freezing point of antimony to the 
gold point, the temperature, ¢, is defined by the 
formula 


E=a-+ bt+ect®, 


where £ is the electromotive force of a standard 
thermocouple of platinum and platinum-rhodium 
alloy when one junction is at 0° C and the other is 
at the temperature, ¢. The constants, a, 6, and ¢, 
are to be calculated from measured values of F at 
the freezing point of antimony and at the silver 
and gold points. The antimony used in determin- 
ing these constants shall be such that its freezing 
temperature, determined with a standard resist- 
ance thermometer, is not lower than 630.3° C. 
Alternatively the thermocouple may be calibrated 
by direct comparison with a standard resistance 
thermometer in a bath at any uniform temper- 
ature between 630.3° and 630.7° C. 

The platinum wire of the standard thermocouple 
shall be annealed and of such purity that the 
ratio Rig/R> is greater than 1.3910. The alloy 
wire shall consist nominally of 90 percent platinum 
When one 
junction is at 0° C, and the other at the freezing 
point of antimony (630.5° C), silver, or gold, the 
completed thermocouple shall have electromotive 
forces, in microvolts, such that 


Egy= 10,300 +50 pr 
Eyy— Fag=1185+-0.158(E44— 10,310) +3 pr 
Fuy,— Fay = 4776 +0.631(24,— 10,310) +5 pe 
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(d) Above the gold point the temperature, f, 
defined by the formula 


eC: 
J, itt] 


J Au ~ 


e+ To 


in which 

J, and Ja, are the radiant energies per unit 
wavelength interval at wavelength, \, emit- 
ted per unit time by unit area of a black body 
at the temperature, ¢, and at the gold point, 
Saw, respectively. 

¢ is 1.438 em degrees. 

7, is the temperature of the ice point in ° K. 

dis a wavelength of the visible spectrum. 

é is the base of Naperian logarithms. 


Part III. Recommendations 


The recommendations in the following sections 
are advisory rather than mandatory. The appa- 
ratus, methods, and procedures recommended 
represent good practice at this time, but there is 
no intention of retarding the development and 
use of improvements and refinements. Experience 
has shown these recommendations to be in the 
interest of uniformity and reproducibility in the 
realization of the temperature scale defined in 
part IL. 


1. Standard Resistance Thermometer 


A standard resistance thermometer should be 
so designed and constructed that the wire of the 
platinum resistor is as nearly strain-free as practi- 
cable and will remain so during continued use. 
The most suitable platinum wire is that drawn 
from a fused ingot, not from forged sponge. 

Satisfactory thermometers have been made with 
wire as small as 0.05 mm and as large as 0.5 mm in 
diameter, a short portion of each lead adjacent to 
the resistor being made of platinum and continuing 
with gold wire through the region of temperature 
gradient. The completed resistor of the thermom- 
eter should be annealed in air at a temperature 
not lower than about 450° C, or if it is to be used 
at temperatures above 450° C, at a temperature 
higher than the highest temperature at which it is 
to be used. It is recommended that the tube 
protecting the completed resistor be filled with 
gas containing some oxygen. 

A useful criterion, which serves as a safeguard 
against inferior construction of the completed 
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thermometer and against errors in the calibration 
at the fixed points, is that (2s—Ry)/(Rioe—R, 
(where Rs is the resistance at the sulfur point 
should be between 4.2165 and 4.2180. Similarly 
if the thermometer is calibrated for use in the range 
below 0°C, the ratio, (R,—Ro,)/(Riwo— Ro) (wher 
Ro, is the resistance at the oxygen point) should 
be between 6.143 and 6.144. The constancy of 
resistance at a reference point, such as the triple 
point of water (or the ice point), before and after 
use at other temperatures, is also a valuable 
criterion of the adequacy of the annealing and 
the reliability of the thermometer in service. 


2. Standard Thermocouple 


Satisfactory standard thermocouples have been 
made of wires not less than 0.35 mm and not more 
than 0.65 mm in diameter. Before calibration, 
the wires of the couple should be annealed in air 
for an hour at about 1100° C. The wire of the 
thermocouple should be mounted so as to avoid 
all mechanical constraints in the region where 
steep temperature gradients are likely to occur. 


3. Pressure 


Each of the fixed points is given as a temperature 
of equilibrium at a pressure of 1,013,250 dynes/ 
ecm’. This pressure corresponds to the pressure 
exerted by a column of mereury 760 mm high, 
having a density of 13.5951 g/cm* and subject to a 
gravitational attraction of 980.665 dynes/g. Ex- 
cept for work of the highest precision, pure ordi- 
nary (commercial) mercury may be taken as hav- 
ing a meaa density of 13.5951 g/cm* at 0° C in 
such a mercury column. 

In the following sections concerning fixed points, 
the formulas giving the relation between the 
pressure, p,, at the midpoint of the platinum 
resistor and the corresponding equilibrium tem- 
perature, ¢,, are given in two forms. The poly 
nomial is a convenient form when the pressure is 
near | standard atmosphere, whereas the logarith- 
mic form is applicable, as is well known, over a 
much larger range. Both of these forms are given 
as functions of the ratio of p to po (standard 
atmospheric pressure) and, consequently, are 
equally applicable whether p and po are expressed 
in dynes/em? or in mm of mercury at 0° C and 
under a gravitational attraction of 980.665 
dynes /g. 
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4. Zero Point of the Scale 


The temperature 0° C may be realized experi- 
mentally well enough for nearly all purposes by 
the use of a mixture of finely divided ice and water 
saturated with air at 0° C in a well-insulated con- 
tainer such as a Dewar flask. It is recommended, 
however, that for work of the highest precision the 
zero point be realized by means of the triple point 
of water, a point to which the temperature 
+0.0100° C has been assigned. 

This value agrees with all existing experimental 
determinations up to the present time within 
about 0.0002 degree. 


(a) Triple Point of Water 


The temperature of equilibrium between ice, 
liquid water, and water vapor has been realized in 
glass cells from 4 to 7 em in diameter, which have 
an axial reentrant well for thermometers and con- 
tain only water of high purity. The amount of 
water should be such as to permit adequate immer- 
sion of the thermometer and to ensure the existence 
of the three phases during measurements. Such 
cells, when properly prepared for use and kept 
entirely immersed in an ordinary ice bath, have 
been found to be capable of maintaining a temper- 
ature constant to 0.0001 degree for several days. 

Cells have been prepared for use by cooling the 
entire contents until small crystals are present 
throughout the liquid. A preferred method is to 
freeze a thick mantle of ice around the well by 
rapid cooling from within. With this method, the 
water ahead of the forming ice contains most of 
the impurities initially in the water frozen. This 
will result in an appreciable lowering of the tem- 
perature at the outside of the mantle unless the 
initial purity of the water is sufficiently high. If 
a thin layer of the pure ice next to the well is then 
melted, a very pure water-ice interface immediately 
surrounding the well is obtained, and this fixes a 
temperature that is constant and reproducible to 
better than 0.0001 degree, provided the initial 
outside temperature is not more than 0.001 degree 
lower than the temperature produced on the 
interior after melting the thin layer of ice. 

The equilibrium temperature, t, corresponding 
to the depth, 77 (in mm), below the vapor-liquid 
surface, may be calculated from the formula 


=0.0100—0.7 * 10°°H7. 
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(b) Ice Point 


By observing precautions in regard to purity of 
ice and water, the saturation of the water at 0° C 
with uncontaminated air, and the effect of pres- 
sure, a temperature reproducible within a few ten- 
thousandths of a degree may be realized. 

The effect of pressure may be caleulated from 
the formula® 


t=0.0099 ( —?)—0.7%10-H, 
Po 


where ¢ is the equilibrium temperature, p is the 
prevailing atmospheric pressure at which the water 
is saturated with air, and // is the depth (in mm) 
below the surface of the mixture of water and ice. 


5. Oxygen Point 


The temperature of equilibrium between liquid 
oxygen and its vapor is usually realized experi- 
mentally by the static method. The platinum 
resistor of the standard thermometer and the free 
surface of the liquid oxygen in its container are 
brought to the same temperature in a suitable 
cryostat, such as a metal block in a well-stirred 
bath of liquid oxygen. The tube which connects 
the space containing the pure liquid oxygen to 
the manometer used for the measurement of the 
vapor pressure should be protected against temper- 
atures lower than the temperature of the pure 
liquid oxygen at the location of the resistor of 
the standard resistance thermometer. 

The equilibrium temperature, f,, corresponding 
to a pressure, p, may be found to an accuracy of 
a few thousandths of a degree over the range 
from p=660 to p=860 mm, by means of the 
formula 

tp= —182.970+9.530 (?—1)—3.72(?— 1) 

P ; Po 


0 


\. 4 


3 


+22 P_1), 


or to the same accuracy but over a wider range by 
the formula 
, 
21.94 log, / 
Po 


t= —182.970+ -. 
1—0.261 logy 
Po 


3 Author's note. In this formula the value, 0.0099, which appears in the 
official text, should be 0.010. Ordinarily the incorrect value will not lead to 
a significant error. 
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6. Steam Point 


The temperature of equilibrium between liquid 
water and its vapor has been realized by the 
dynamic method with the thermometer in the 
saturated vapor, using apparatus of various de- 
signs, some closed and others open to the atmos- 
phere. Closed systems, in which a steam-point 
apparatus and manometer are connected to a 
manostat of large volume filled with helium are 
preferable for precise calibrations at the steam 
point. 

The design of the steam-point apparatus should 
be such as to avoid any superheating of the water 
vapor around the thermometer, contamination 
with air or other impurities, and radiation effects. 
A criterion that the equilibrium temperature has 
been attained is that the observed temperature 
corrected to a constant pressure is independent of 
elapsed time, of variations in the heat supply to 
the liquid, of variations in the heat loss from the 
walls, and of the depth of immersion of the 
thermometer. 

The equilibrium temperature, t,, corresponding 
to the pressure, p, may be found to an accuracy 
within 0.001 degree over the range from p=660 
to p=860 mm by means of the formula 


t, 100-4 28.012( F - )—11.64(7 ~1) 


or to the same accuracy over a wider range by 
the formula 


"s" Pp 
64.500 logy : 
t,— 100+ am 
1—0.1979 logyo = 


7. Sulfur Point 


The sulfur used in e sulfur boiling-point appa- 
ratus should not contain more than 0.005 percent 
of impurities. Selenium and arsenic are the im- 
purities that have been found most likely to be 
present in quantities sufficient to affect the tem- 
perature of equilibrium to a significant extent. 

In the conventional type of sulfur boiling- 
point apparatus which has proved satisfactory for 
an accuracy of 0.01 to 0.02 degree, the sulfur is 
contained in a tube of glass, fused silica, or similar 
material with an internal diameter of 4 to 5 cm. 
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The length of the tube is determined by the con 
sideration that the vapor column must be lon; 
enough to accommodate a radiation shield and t 
permit the necessary depth of immersion of th 
resistance thermometer. Electric heating is pref- 
erable. Above the source of heat the tube is 
surrounded by heat-insulating material. 

In a recent work in which an accuracy of abou 
0.001 degree was desired, the thermometer was 
not immersed directly in the sulfur vapor, but in 
an aluminum thermometer well, thus adapting 
the apparatus for use with a closed system. The 
thermometer well was provided with one or more 
radiation shields so designed that the interior of 
the shield approximated a black body, but with 
ample openings for circulation of sulfur vapor 
throughout the interior. An electric heater was 
provided to control the heat loss from the walls. 

A criterion that equilibrium temperatures have 
been attained is that the observed temperatures 
corrected to a constant pressure should be inde- 
pendent of elapsed time, of variations in the heat 
supply to the liquid, of variations in the heat 
loss from the walls, and of the depth of immersion 
of the thermometer. 

The equilibrium temperature, f,, corresponding 
to a pressure, p, may be found to an accuracy of 
about 0.001 degree over the range from p=660 
to p=800 mm by means of the formula 


. . P cae 3 
tp=444.6+ 69.010( 7 —1 )—27.48( ? — 1) 4 


19.14( 7 =f ); 


% 


or, over a wider range, by the formula 


158.92 logy F 
tp—444.6+ _ 
1—0.234 logy . 


8. Silver and Gold Points 


Data on the effect of the impurities most likely 
to be present in carefully purified silver or gold 
indicate that the addition of 0.01 percent by weight 
of metallic impurities to pure silver, or of 0.005 
percent to pure gold will probably not change the 
freezing point in either case by more than 0.1 
degree. 

For calibrating a thermocouple, the metal is 
contained in a crucible of pure graphite or other 
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refractory material which will not contaminate 
the metal. Crucibles of artifical graphite about 
3 em inside diameter and 15 cm deep with a wall 
about 1 em thick have been found very satisfac- 
tory. The amount of metal required in such a 
crucible is about 1600 g of gold or about 900g 
of silver. Silver must be protected from oxygen 
while hot. 

The crucible and metal are placed in a furnace 
capable of heating the contents to a uniform 
temperature. The metal is melted and brought 
to a uniform temperature a few degrees above its 
melting point, then allowed to cool slowly. The 
thermocouple, mounted in a porcelain tube with 
porcelain insulators separating the two wires, is 
immersed in the molten metal through a hole in 
the center of the crucible cover. The depth of 
immersion should be such that the observed elec- 
tromotive force of the thermocouple is not changed 
by more than | microvolt when the immersion is 
increased or decreased by | cm. During freezing, 
the electromotive force should remain constant 
within 1 microvolt for a period of at least 5 
minutes. 

9. Freezing Point of Antimony 


The procedure in using the freezing point of 
antimony as a calibration temperature is sub- 
stantially the same as outlined above for the silver 
and gold points. Antimony has a marked tend- 
ency to undercool before freezing. The under- 
cooling will not be excessive if the metal is heated 
only a few degrees above its melting point and if 
the liquid metal is stirred. During freezing, the 
electromotive force should remain constant within 
1 microvolt for a period of at least 5 minutes. 


10. Temperature of the Ice Point on the Kelvin Scale 


For the sake of uniformity, it is recommended 
that the temperature of the ice point on the Kelvin 
scale be taken as 273.15° K.* ® 

Part IV. Supplementary Information 
1. Resistance-Temperature Formulas 


The interpolation formula, for the range 0° C 
to the freezing point of antimony, as given in the 
definition of the scale, 


R,= R,(1+ At+ Be’), 


may be written in the Callendar form 
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22521--49—__2 





1/R, 
. “i (R-) )+s( 00-1) (400) 


where 
1 (Ri , 
” "100 ( R, —1)} 


The relations between the coefficients are 


5 | 
A -a (1+ 59) a—A+100B, 


ad 100°B 


B ~~ 1008 4+ 1008 


The condition that Rigo Ry, shall be greater than 
1.3910 is equivalent to requiring that @ shall be 
greater than 0.003910. The condition that 
(Ra—Ry)/(Rieg—Ro) shall be between 4.2165 and 
4.2180 is equivalent to requiring that 6 shall be 
between 1.488 and 1.498. 

Similarly, the interpolation formula, for the 
range 0° C to the oxygen point, as given in the 
definition of the scale. 


R,=R, {1+ At+ Be+ C(t—100)F J, 


may be written in the Callendar-Van Dusen form 


1/R, t Mott 
: a(R! ) : 5 ( 100! ) 100+ 


af =~ )( a ): 


* This value 273.15° K was not ratified by either the International Com- 
mittee or the General Conference. The choice of the last decimal figure was 
postponed. 

5 Author's note. The value 273.15° K+.02 for the temperature of the ice 
pcint was originally proposed by the Advisury Committee on Thermometry 
in 1939; and, in 1948, the Committee did not consider that encugh new know!l- 
edge had been gained to change this value. That some uncertainty was felt 
about this action is indicated by a clause in Resolution 2, which already had 
been approved by the Advisory Committee, and was later adopted by the 
General Conference. This resolution resulted from a proposal the committee 
had received to define an absolute thermodynamic temperature scale by 
assigning a value to the temperature of a single fixed point. 

“Resolution 2. The Advisory Committee recognizes the principle of 
an absolute thermodynamic scale requiring only one fundamental fixed point, 
which would now be the triple point of pure water, for which the absolute 
temperature will be chosen later. 

“The intreduction of this new scale in no way affects the International 
Scale which continues to be the recommended practical scale."’ 

This resolution defers the establishment of a precise value for the tempera- 
ture cf the ice point. Inasmuch as it is definitely stated at the beginning of 
Part III of this text that ‘“The recommendations in the following sections are 
advisory rather than mandatory"’, many scientists will not consider it manda- 
tory to accept this recommended value for the ice point. Inthe United States 
of America the value, 273.16° K, for the temperature of the ice point has been 
so generally accepted that its use now prevails in scientific publications, and 
this value will probably continue to be used until a more accurate one has 
been agreed upon. 
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The relations between A, B and a, 6 are as given 
above and the other relations are 


100'r 


: ap 
—_ sand g A+ 100B 


100° 


The condition that (Rs—Ro,)/(Riwe— Ro) shall be 
between 6.143 and 6.144 is equivalent to requiring 
that 0.58526—8 shall be between 0.7656 and 
0.7598. 

2. Secondary Fixed Points 


In addition to the six fundamental and primary 
fixed points, certain other fixed points are avail- 
able and may be useful for various purposes. 
Some of the more constant and reproducible of 
these fixed points and their temperatures on the 
International Temperature Scale of 1948 are given 
n Table Il. The temperatures given are those 
corresponding to a pressure of 1 standard atmos- 
phere, except for the triple points of water and 
of benzoic acid. The formulas for the variation of 
temperature with pressure are intended for use 
over the range from p=680 to p=780 mm of 
mercury. 


Taste Il. Secondary Fired Points under the pressure of 1 
standard atmosphere (except for the triple points) 
Tem pera- 
ture °C 


(Int. 1948) 
Temperature of equilibrium between solid car- 


bon dioxide and its vapor ; —78.5 
a 
tp= —78.5 12.12 (P- 1)- 6a (? -1) 
Po 
Temperature of freezing mereury-- -- - - ~~ - — 38. 87 
Temperature of equilibrium between ice, water 
and its vapor (Triple Point) — -- +0. 0100 
Temperature of transition of sodium sulphate 
decahydrate _ _ - ; ‘ 32. 38 
Temperature of triple point of be “nzoie acid_ 122. 36 
Temperature of equilibrium between naphtha- 
lene and its vapor. .........-. nti . 218.0 


tp=218.0+44.4 (2-1)-19 P_ 1) 
0 


Po 
Temperature of freezing tin__- eae 
Temperature of equilibrium between benzo- 
phenone and its vapor , —— 
p 2 
=305.9 + 48.8 (? 1)- a (2-1 ) 
Temperature of freezing cadmium -~-.------ 320. 9 
216 


Secondary Fired Points under the pressure of t 
Continued 


Taste II. 

standard atmosphere— 

Tempera- 

ture °C 

(Int. 1948) 

Temperature of freezing lead 327. 3 

Temperature of equilibrium between mercury 
ee 


tp =356.58+55.552 (2 is 
Po 
bd 3 
23.03(—1) 14.0 ( ?- 1) 
Po Po 


Temperature of freezing zine__- -_ - 419.5 
Temperature of freezing antimony 630. 5 


356. 58 


Temperature of freezing aluminum _ - 660. 1 
Temperature of freezing copper in a reducing 
atmosphere __ _---- : 1083 
Temperature of freesing:‘n nickel _ .. 1453 
Temperature of freezing cobalt . 1492 
Temperature of freezing palladium ‘ ; 1552 
Temperature of freezing platinum _ _ - 1769 
Temperature of freezing rhodium _- _. 1960 
Temperature of freezing iridium 2443 
Temperature of melting tungsten__ -- = 3380 


3. Relation Between the International Temperature Scale of 
1948 ana the Thermodynamic Centigrade Scale 


At the time of the adoption of the International 
Temperature Scale of 1927, the evidence available 
was insufficient to establish definite differences be- 
tween that scale and the thermodynamic centi- 
grade seale. The earlier investigations, such as 
those published in 1911 by the Physikalisch- 
Technische Reichsanstalt, indicated no differences 
exceeding 0.05 degree in the range 0° C to the 
sulfur point. 

Recent investigations at the Massachusetts In- 
stitute of Technology indicate larger differences 
between 200° C and the sulfur point. Intercom- 
parisons of two nitrogen gas thermometers with 
platinum resistance thermometers were made at 
0°, 25°, 50°, 75°, 100°, 150°, 200°, 250°, 300°, 
350° C, the mercury boiling point, 400° C and the 
sulfur point. The differences found between 
(thermodynamic scale) and ¢(International Scale) 
have been formulated as follows: 


t (therm) —t (Int) ~1) (0.04217 — 


t 
100 (ia 100 
7.481107). 
The sulfur point on the thermodynamic scale was 
found to be 444.74° C, the results obtained with 
the two gas thermometers differing by about 0.05 
degree. 
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In the range from 0°C to the oxygen point, inter- 
comparisons published by the Physikalisch-Tech- 
nische Reichsanstalt in 1932 and by the Leiden 
Laboratory in 1935 indicate that the differences 
between the International and thermodynamic 
scales are less than 0.05 degree. Agreement is 
lacking as to the sign of some of the reported differ- 
ences, Which are of the order of magnitude of the 
possible uncertainties in the gas thermometer 
measurements. 

In the range extending below the oxygen point, 
there is evidence that temperatures on the Inter- 
national Temperature Scale of 1927 are progress- 
ively higher than those on the thermodynamic 
scale, amounting to several hundredths of a degree 
at —190° C. For this reason, and also because it 
is advantageous to terminate the various parts of 
the scale at calibration points, the International 
Temperature Scale of 1948 extends only to the 
oxygen point. 

In the range from the freezing point of antimony 
to the gold point, there is little evidence relative 
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to the sign or magnitude of departures of the In- 
ternational from the thermodynamic scale. The 
value 1063.0° C for the gold point has been ac- 
cepted as a conventional definition and will doubt- 
less remain so until the appearance of new and 
more accurate basic data. The change from 960.5° 
to 960.8° C is well within the uncertainty of the 
location of the silver point on the thermodynamic 
scale. This change makes the thermocouple scale 
join more smoothly, not only with the resistance 
thermometer scale at the freezing point of anti- 
mony, but also with the optical pyrometer scale 
at the gold point when e.=1.438 em degrees. 

It is of interest to note that, granting the validity 
of Planck’s formula, temperatures above the gold 
point on the International Temperature Seale of 
1948 will differ from those on the thermodynamic 
centigrade scale only to the extent caused by 
errors in the constants, ¢, fa,, and 7», used in the 
formula. 


WasHINGTON, January 14, 1949. 
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Absorption by Sound-Absorbent Spheres 
By Richard K. Cook and Peter Chrzanowski 


The absorption of a plane wave of sound by a sphere is computed. The calculations 
are based on the assumption that the complex ratio of sound pressure at a point on the 
sphere’s surface to the normal component of particle velocity is a constant independent of 
the direction of incidence (“normal impedance assumption’). Absorption measurements 
were made on hair-felt covered spheres placed in a reverberation room, and were compared 
with the computed absorption by means of the reverberation room statistics appropriate for 
spheres. The theory and measurements both show that absorbent spheres can have ab- 
sorption coefficients greater than unity. The discrepancies between theoretical and ex- 


pzrimental coefficients seem to indicate that the normal impedance assumption is not valid 


for the hair felt used in the experiments. 


I. Introduction 


In an earlier paper [1],’ the authors gave the 
results of a combined theoretical and experimental 
investigation of the absorption of sound by long 
circular cylinders having a known normal acoustic 
impedance. An expression was derived for the 
absorption coefficient of a cylinder on which is in- 
cident a plane wave of sound, having a single 
frequency, traveling in a direction perpendicular 
to the axis of the cylinder. The derivation was 
based on the assumption that the complex ratio 
of sound pressure at a point on the cylinder’s 
surface to the normal component of particle velocity 
was a constant independent of the direction of 
incidence. The ratio was therefore equal to the 
acoustic impedance of the surface for perpen- 
dicularly incidence sound. This will be referred 
to hereafter as the “normal impedance assump- 
tion.” 

A comparison of the measured and theoretical 
absorption coefficients for random incidence seemed 
to indicate, however, that the normal impedance 
assumption was not satisfied for the hair felt. 
In other words, it seemed that sound was propa- 


' Figures in brackets indicate the literature references at the end of this 
paper. 
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gated also through the absorbent covering (hair 
felt) of the cylinders in directions other than normal 
to the surface. Similar conclusions were reached 
more recently by Scott [2] in his study of propaga- 
tion of sound between walls and through’ ducts 
lined with mineral wool. 

It was pointed out in the previous paper {1} 
that a comparison of theoretical and experimental 
absorption coefficients for sound absorbent spheres 
would give more definite information on the valid- 
ity of the normal impedance assumption for hair 
felt. Consequently, an investigation was carried 
out on spheres covered with the same type of hair 
felt as was used for covering the cylinders. 

The theoretical calculations on spheres may be 
divided into two parts: (1) The absorption by a 
sphere, calculated on the basis of the normal im- 
pedance assumption, when a plane wave of sound 
is incident on it, (2) a statistical calculation of the 
absorption by a sphere for sound waves having 
random incidence, the results of which have al- 
ready been given in reference [1]. The measure- 
ments of the acoustic impedance of the hair felt 
are given in the same reference and are required 
here for the first part of the calculations. The 
calculated absorptions for random incidence are 
compared with measurements made in a rever- 
beration room, 
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II. Scattering by an Absorbent Sphere 


A sphere of sound-absorbent material is placed 
in a plane sound wave of a single frequency whose 
direction of propagation is parallel to the z-axis 


(see fig. 1). The scattering and absorption by the 





Representation of absorbent sphere. 


Ficure 1, 


sphere are to be computed. The normal imped- 
ance assumption is supposed to be valid at all 
points on the surface of the sphere. 

The velocity potential of the incident plane 
wave is 


re) eitwt Ar coa’) 
‘0 


&,=¢,c'""-*) 


(1) 
= do I (out 1) (—i)*P, (cosd)ju(kr) Lett, 
(0 j 
and for simplicity it is assumed that ¢@=1. In 
this equation w=22 frequency of the incident 
wave and k& is the generalized wave number. 
This expansion of the velocity potential in an 
infinite series of Legendre polynomials P, (cos 3) 
and spherical Bessel functions j,(kr) in the 
spherical polar coordinates r, 3, ¥, is introduced in 
order to facilitate satisfaction of the boundary 
conditions at the surface of the absorbent sphere. 
It is clear from considerations of symmetry that 
the velocity potential will be independent of the 
azimuthal angle, y. 
The wave scattered by the sphere can be repre- 
sented by 
« 
&,= >) b,(j,—in,) P, (cos de, (2) 
p=0 
in which it is understood that 7, and n, are fune- 
tions of kr. The function n, is a spherical Neu- 
mann function. Each term in this expression 
represents an outgoing wave, as can be seen from 
the asymptotic expansion of j,—in, for large r. 
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The 6’s are constants to be determined by the 
bpundary conditions at the surface of the sphere. 

The total velocity potential is b=4,+4,. The 
scund pressure at any point is p=—p(0/df) 
(o=density of air), and the radial velocity com- 
ponent, which is normal to the surface of the 
sphere, is v,=(O08/dr). Since the normal im- 
pedance assumption is supposed to be valid, the 
boundary condition at the surface of the sphere is 


p=—Z2Zr,, (r=a) (3) 


where Z=|Z\e® is the acoustic impedance. The 
negative sign is used because the positive direc- 
tion of v, is out of the absorbent surface, whereas 
Z is customarily measured with the positive direc- 
tion for particle velocity into the absorbent sur- 
face. Calculation of p and ¢, from # and substitu- 
tion into eq 3 will yield equations for determina- 
tion of the 6,’s. 


III. Absorption Coefficient 


The total time-averaged acoustic power, P, 
absorbed by the sphere can be computed by a 
technique similar to that used in the earlier paper 
[1] for cylinders. Since the calculation is not 
basically different, the details will not be given 
here. 

A definition of absorption coefficient is needed. 
Let the time-averaged acoustic power transmitted 
through unit area by the incident plane wave be 
P,. The power absorbed per unit peripheral area 
of the sphere is P/4ra*. The absorption coeffi- 
cient a, for a plane wave is defined here by 


P 


4ra’Py 


(4) 


as 


It is shown in the earlier paper that the random 
incidence effective absorption coefficient for a 
sphere measured in a reverberation room is greater 
than a, by a factor of 4 if the Sabine reverberation 
formula is used to compute absorption coefficient 
from measured decay times. The reverberation- 
room absorption coefficient «, is defined by 


- . 


a,=4a,= + ie o) 
‘ * g#a’P, ( 


Both a, and a, are expressed in sabins per unit 
peripheral area. 
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The final expression for the reverberation-room 
absorption coefficient in terms of the acoustic 
impedance is 


4 |Z ~~ 2u+1 
”~ (ka)"\ pe|°O® 234 eae rT ° re 
| pe Je tn) FUJu— tM) 
(6) 


The quantity ¢ in this expression is the velocity of 


. . 7 , . . 
sound in air, and j,, n, are the derivatives of 


“ 
Jay Nae 


IV. Experimental Results and Discussion 
1. Description of Spheres 


The spheres consisted of solid plaster-of-paris 


cores covered with a layer of cattle-hair felt.- 


Two pieces of the felt, cut to an interlocking pat- 
tern, were sewed together over the spherical core 
like a cover is sewed on a baseball. The contact 
edges of the pieces were not cut Vertically but on a 
slant to insure minimum distortion of the hair felt. 
The average diameter of the cores was 5.02 in. 
and the average diameter of the finished spheres 
was 6.33 in. 

The felt, nominally 7, in. thick and weighing 0.60 
lb/ft?, was of the same type and was manufactured 
by the same concern as that used in the experi- 
ments on cylinders. 


2. Impedance of Felt 


The results of acoustic impedance measure- 
ments on the hair felt with rigid backing, and the 
method for measuring impedance, were given in 
the earlier paper (see fig. 5 of [1]). 


3. Absorption Measurements 


The reverberation measurements were 
made on 68 of the felt-covered spheres. In figure 
2 are shown some of the spheres suspended from 
Except for the 
volume swept out by a set of rotating vanes in 


room 


wires in the reverberation room. 


the center of the room, the spheres were hung at 
least 54 in. apart in a rhombohedral lattice. Ten 
of the spheres were at a distance of about 24 in. 
from a wall and the remainder at not less than 36 
in. from a wall. Descriptions of the reverberation 
room and the technique for measurement of decay 
times were given in reference [1]. 
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FIGuRre 2. 


Felt-covered spheres suspended in the reverberation 


room, 


Results of the reverberation room measurements 
of the absorption coefficient a, (defined by eq 5) 
are plotted in figure 3. The theoretical values of 
a, are plotted in the same figure, and were com- 
puted from the measured impedances (given in 
fig. 5 of {1]) by means of eq 6. The measured 
absorption coefficients for one layer of hair felt 
laid flat on the floor of the reverberation room 
are also plotted in figure 3. Comparison of the 
measured values for the large flat layer with the 
corresponding measured coefficients for the ab- 
sorbent spheres shows that a given area of felt 
has considerably greater absorption, at higher 
frequencies, when wrapped on a sphere than when 
applied to a large flat surface. A similar fact was 
noted in the earlier measurements on absorbent 
eylinders. 

Figure 3 shows that the spheres have absorp- 
tion coefficients greater than unity at frequencies 
1,200 ¢s. This latter frequeney corre- 
However, the maximum theo- 


above 
sponds to ka~2. 
retical coefficient for the spheres is somewhat 
greater than the maximum measured value. This 
was also true in the case of the absorbent cylinders. 

There is general agreement between the theo- 
retical and measured absorption curves, but the 
differences at some frequencies are too great to 
be ascribed to experimental uncertainty. The 
theoretical coefficients are too low at low frequen- 
cies, too high at frequencies near ka=2, but are 
in fairly good agreement with the measured 
coefficients at high frequencies. The differences 
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Figure 3. Absorption coefficients for spheres covered with 


hair felt. 


. Theoretical values of the absorption coefficient ag computed by means of 
equation 6; @, values of a: measured in a reverberation room; ©, absorption 
coefficients for a fiat single layer of hair felt measured in a reverberation room. 


between the theoretical and measured values of 
a, can only be explained, it seems, on the grounds 
that the normal impedance assumption is not 
valid for the hair felt used in the experiments. 
This implies that sound waves are propagated 
through the felt in directions other than normal to 
the surface. 


V. Technique of Calculation 


Spherical Bessel and Neumann functions of high 
order and their derivatives were required for cal- 
culation of a, (eq 6). These functions are algebraic 
combinations of sinusoidal functions and _ poly- 
nomials. At the time these calculations were made 
(more than 2 years ago), it seemed that the Tables 
of Circular and Hyperbolic Sines and Cosines [3] 
prepared by the Mathematical Tables Project of 
the National Bureau of Standards would readily 
yield results of the requisite accuracy, and there- 


222 


fore these tables were used. Recently published 
tables [4, 5] of amplitudes and phase angles for 
scattering by absorbent spheres and cylinders 
would probably yield the desired results more 
expeditiously. 

Enough terms in the infinite series of eq 6 were 
used so that the estimated sum of the remainder 
terms amounted to less than 0.1 percent of the 
whole sum. It is estimated that the final computed 
values of the absorption coefficients a, have errors 
(arising from the sequence of calculations) of less 
than 0.01. 


VI. Summary and Proposals 


A wave theory has been applied to the absorp- 
tion of sound by an absorbent sphere. An exact 
expression, including the effects of diffraction, has 
been obtained for the absorption coefficient of a 
sphere on which is incident a plane wave of sound. 
The derivation of the expression for the absorption 
coefficient was based on the normal impedance as- 
sumption. This assumption is that the complex 
ratio of sound pressure at a point on the surface of 
the sphere to the normal component of particle 
velocity, is a constant independent of the direction 
of incidence. The ratio is therefore equal to the 
acoustic impedance of the surface for perpendicu- 
larly incident sound. The theoretical coefficients 
were computed for spheres covered with hair felt 
by using directly measured acoustic impedances. 

The theoretical coefficients were compared with 
values obtained experimentally for spheres placed 
in a reverberation room. In order to effect the 
comparison, it Was necessary to use the statistics 
(developed in an earlier paper) for the absorption 
by a sphere located in a random wave field. The 
theory predicts, and measurements confirm, that 
absorbent spheres can have absorption coefficients 
appreciably greater than unity. The discrepancies 
between theoretical and experimental coefficients 
seem to force the conclusion that wave propaga- 
tion takes place through the absorbent material in 
directions other than normal to the surface, which 
is equivalent to saying that the normal impedance 
assumption is not valid for hair felt. This confirms 
the conclusion reached tentatively in an earlier 
investigation on cylinders covered with the same 
type of hair felt [1]. 

Further experiments should be made on the 
random incidence absorption of sound by isotrop- 
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ically porous spheres. The material of the spheres 
should absorb sound by viscous damping of the 
motion of air in the pores. From measurements 
of the velocity and attenuation (propagation 
constants) of waves within the porous material, 
and from measurements of the acoustic impedance, 
it should be possible to deduce the absorption 
when the sphere is placed in a plane wave field, 
and hence the absorption in a reverberation room. 


The authors thank Henry J. Leinbach, Jr. and 
Richard P. DeAgro for their assistance in the 
calculations and laboratory measurements. 
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Heats, Equilibrium Constants, and Free Energies of 
Formation of the C3 to Cs Diolefins, Styrene, and the 


Methylstyrenes' 


By John E. Kilpatrick,? Charles W. Beckett,’ Edward J. Prosen, Kenneth S. Pitzer,‘ 
and Frederick D. Rossini ° 


For the C; to C; diolefins, styrene, and the methylstyrenes, values are presented for 


the following thermodynamic properties to 1,500° K: Heat-content function, free-energy 


function, entropy, heat content, heat capacity, heat of formation from the elements, free 


energy of formation from the elements, and logarithm of the equilibrium constant of forma- 


tion from the elements. 


Equilibrium constants and concentrations are given in tabular and 


graphical form for some reactions of isomerization and dehydrogenation. 


I. Introduction 


As part of the work of the American Petroleum 
Institute Research Project 44 at the National 
Bureau of Standards and the University of Cali- 
fornia, values have been compiled for the thermo: 
dynamic properties, in the gaseous state to 1,500° 
K, of the heat-content function, free-energy func- 
tion, entropy, heat content, heat capacity, heat of 
formation, free energy of formation, and logarithm 
of the equilibrium constant of formation for the 
C, to C; diolefins, styrene, and the methylstyrenes. 
Calculations have also been made of the free 
energies and equilibrium constants of a number of 
reactions involving isomerization and hydrogena- 
tion of these compounds. 


II. Constants 


The values of the constants used in the present 
calculations are as follows [1, 2]:® The calorie 


This investigation was performed as a part of the work of the American 
Petroleum Institute Research Project 44 at the National Bureau of Standards 
ind the University of California. 

? Research Associate on the American Petroleum Institute Research Project 
44 at the National Bureau of Standards. 
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* Associate Director of the American Petroleum Institute Research Project 
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’ Director of the American Petroleum Institute Research Project 44 at the 
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* Figures in brackets indicate the literature references at the end of this 
paper. 
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used is the conventional thermochemical calorie 
defined as 4.1840 absolute joules; the absolute 
temperature of the ice point is 273.160+0.010° K; 
the value of the radiation constant, he/k, is 1.43847 
+0.00045 em deg; the gas constant is 1.98719 
+0.00013 cal/deg mole. Values of other constants 
related to these are given in references [1, 2]. 


Ill. Heat-Content Function, Free-Energy 
Function, Entropy, Heat Content, and 
Heat Capacity 


1. C, to C; Diolefins 


For propadiene (allene), the thermodynamic 
functions were computed by using the following: 
The assignment of frequencies given by Thompson 
and Harris [3], which differs slightly from previous 
assignments |[4, 5], two equal moments of inertia 
(9.82 10-* g¢ em*) recalculated from the spectral 
data on the rotational fine structure [6], a third 
moment of inertia (0.575>< 10-” 
be equal to that of ethylene [7], and a symmetry 
number of four. The foregoing moments of inertia 
correspond to the following dimensions of the 
molecule of propadiene, which agree well with 
those obtained from measurements of electron 
diffraction [8]: C=C, 1.34 A; C—H, 1.07 A; 
H—C—H angle, 120°. The uncertainty in the 


. 
g cm’) assumed to 
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calculated values of the thermodynamic functions 
is estimated to be about 0.2 cal/deg mole at the 
lower temperatures and somewhat greater at the 
higher temperatures because of the neglect of 
vibrational anharmonicities. The values of heat 
capacity calculated for propadiene in the present 
investigation agree very well with the experi- 
mental data that have been reported [4, 9, 10}. 
Some values of entropy previously calculated for 
propadiene by other workers [11, 12], however, 
differ markedly, for some unknown cause, from 
those given in the present report. 

For 1,2-butadiene, the thermodynamic fune- 
tions were computed by using the following: The 
assignment of frequencies given by Szasz, MeCart- 
ney, and Rank [13]; moments of inertia based on 
the same corresponding dimensions as for pro- 
padiene, together with additional dimensions of 
1.54 A for C—C and 1.09 A for H—CCHg, giving 
T,=2.819 10-*, J,=20.31*10-*, and /;—22.03 

10° ¢ em*®; a reduced moment of inertia for the 
methyl rotation of 4.78 x 107” 
to Jon, = 5.30 10°" g¢ em?; and a potential barrier 
restricting internal rotation of 1,800 cal/mole, 
which was selected to fit the experimental value 
of entropy of gaseous 1,2-butadiene at 273.25° K 
reported by Aston and Szasz [14], including a 
calorimetrically measured entropy of vaporization. 
The potential barrier from the present calculations 
is slightly different from that reported by Aston 
and Szasz [14] because of the difference in the 
molecular dimensions used in the respective cal- 
culations. As might be expected, the potential 
barrier for 1,2-butadiene is about the same as that 


g cm? corresponding 


for propylene. The assignment of vibrational 
frequencies made by Szasz, MeCartney, and 
Rank [13] was tested by calculating approximate 
product ratios for methyl substitutions of the 
type used by Pitzer and Scott [15], in which eal- 
culations the values of the product ratios for 
1,2-butadiene agree very well with those for the 
methylbenzenes. This agreement offers consider- 
able confirmation of the assignment of frequencies 
for 1,2-butadiene. 

For 1,3-butadiene, the available spectroscopic 
and other molecular data appear to be satisfac- 
torily represented by the values of the thermo- 
dynamic functions calculated by Aston, Szasz, 
Wooley, and Brickwedde [16], and their values 
for the heat-content function, free-energy fune- 
tion, and heat capacity were used in the present 
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calculations. However, it should be noted that 
the available spectroscopic and other molecular 
data are not sufficient to confirm the correctness 
of the details of their molecular model of 1,3- 
butadiene. 

For the pentadienes, the available thermal, 
spectroscopic, and other molecular data are either 
insufficient or too uncertain to permit a satisfac- 
tory statistical treatment at the present time. 
However, by taking advantage of regularities in 
the properties of related compounds, thermody- 
namie functions for the pentadienes may be cal- 
culated by suitable combination of the thermo- 
dynamic functions for other compounds for which 
the appropriate values have already been caleu- 
lated [15, 17, 18, 19]. For such calculations by 
the method of increments, the following equations 
were used to evaluate the thermodynamic fune- 
tions for the seven pentadienes: 


G(1-butene) 4 1) 
G(propylene). 


G(1,2-pentadiene) 
G'(1,2-butadiene) - 


G(2,3-pentadiene) = 2G(1 ,2-butadiene ) (2 
((propadiene)— PR 11 8. 
G(3-methyl-1,2-butadiene) = G(isobutene) + (3 
(7(1,2-butadiene) — G(propylene). 
G(ecis-1,3-pentadiene) = G(cis-2-butene)+ (4 
G(1,3-butadiene) — G(propylene) +P In 4. 
((trans-1,3-pentadiene ) = G(trans-2-butene ) + 
(1(1,3-butadiene)— G(propylene)+R In 4. (5 


G(isobutene) + 
Rin 4—0.3. (6 


G(2-methyl-1,3-butadiene ) 

(.(1,3-butadiene)— G(propylene + 

2¢/(1-butene)— 
G(propane)—R In 4. (7) 


((1,4-pentadiene ) 


In the foregoing equations, @ represents the heat 
content function, the negative of the free energy 
function, or the heat capacity. The constant 
terms, RP In 8, ete., appearing, respectively, in eq 2, 
4, 5, 6, and 7, are corrections for the symmetry 
number and are to be used for the negative 
of the free-energy funetion, —(F°—H))/7, but 
not for the heat-content function or the heat 
capacity. The values of the thermodynamic 
functions used for the calculations represented 
by eq 1 to 7, inclusive, are from the following: 
Propane [18]; propylene, 1-butene, cis-2-butene, 
trans-2-butene, and isobutene [19]. 
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There are now available a number of checks on 
the accuracy of the increment method for caleula- 
ting thermodynamic functions, as_ illustrated 
by eq 1 to 7, inclusive. Some confirmation of the 
increment method has already been reported for 
certain alkylbenzenes [15, 20] and for certain 
alkyleyclohexanes [17, 21]. 

In 1946, values of the thermodynamic functions 
for 2-methyl-2-butene were calculated [22] by 
means of the relation 


('(2-methyl-2-butene) = 2/3 G@(cis-2-butene+-trans- 
2-butene + isobutene)— G@(propylene)+RIn4. (8) 


This yielded 80.90 cal/deg mole for the standard 
entropy in the gaseous state at 25° C, which is 
to be compared with the value 80.92 subsequently 
available from the experimental work of Todd, 
Oliver, and Huffman [22], and Huffman and Scott 
(23). The calculated value for the heat capacity 
of gaseous 2-methyl-2-butene is about 1 percent 
higher than the experiment value that has re- 
cently become available [23]. 

Before the recent experimental work on 1,2- 
butadiene became available [14], the authors had 
calculated the thermodynamic functions of 1,2- 
butadiene by the method of increments with what 
now appear to be excellent results, using the 
equation 


G(1,2-butadiene) = G(allene) + G(propylene)— 
G(ethylene). (9) 


The standard entropy of gaseous 1,2-butadiene at 
25° C was calculated by the method of increments 
to be 69.7 cal/deg mole, which is to be compared 


TABLE |. Values of the heat-content function, for the 
' 
Compound For- . | 
(gas) mula |? | 2% 16) 300 400 
Propadiene (allene) CsHy 0 10.12) 10.15! 11.54 
1,2-Butadiene CyHe = 0:12.92) 12.96 15.07 


CyHe 0 12.16 12.2 14.59 
CsHg 0 16.2 16.3 19.3 
CsHg 0 14.5 14.6 17.5 


1,3-Butadiene 
1,2-Pentadiene 
cis-1,3-Pentadiene (cis-piperylene) 


CsHs OF 15.3) 15.4 18.6 
CsHy 0 6.5 66 19.6 
CsH¢ 0 15.7 15.8 18.6 


trans-1,3-Pentadiene (trans-piperylene) 
1,4-Pentadiene 
2,3-Pentadiene 


CsHs 0 15.8) 15.8) 18.9 
CsHs 0 15.0 15.1 18.4 


3-Methyl-1,2-butadiene _. 
2-Methyl-1,3-butadiene (isoprene) 
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with the new calculated value of 70.03 +0.20 
eal/deg mole. 
There is an experimental entropy available for 


comparison with our result for 2-methyl-1,3- 
butadiene (isoprene). The experimental value, 
75.2+0.3, [24, 25] is 0.5 cal/deg mole lower than 
the value given by the increment equation with- 
out the term —0.3. Although this difference is 
well within the expected uncertainties of the 
method, the additional constant term (—0.3) was 
added to the increment equation, in order to have 
better agreement with the isoprene experimental 
value at 298.16° K. Presumably, this change 
gives better extrapolated values at higher tempera- 
tures. 

In connection with the calculation of the thermo- 
dynamic functions of the pentadienes by the meth- 
od of increments, it is estimated that the over-all 
uncertainty is about 1 cal/deg mole at room tem- 
perature and greater at higher temperatures, the 
values for 1,4-pentadiene being particularly un- 
certain. However, the differences between values 
of the thermodynamic functions at given tem- 
peratures are more significant than the over-all 
uncertainties. 

The resulting values of the thermodynamic 
functions for the diolefins, C; to Cs, are given in 
tables 1 to 5, inclusive, which give values of the 
following properties, respectively, from 0° to 
1,500° K: Heat-content function, free-energy func- 
tion, entropy, heat content, and heat capacity. 
The value of the entropy is obtained as the value 
of the heat-content function less the value of the 
free-energy function, and the value of the heat 
content is obtained by multiplying the value of the 
heat-content function by the temperature. 


ideal gaseous state, to 1,500° K, for the Cy to Cs diolefins 


Temperature in ° K 


| | | 
1,100 | 1,200 | 1,300 


soo | 600 | 700 soo) | 6900) | «1,000 | 1,400 | 1,500 
| | q | | 

Heat-content function, (/1°— 113)/T, in cal/deg mole 

12.94 14.28 15.5) 16.66 17.7 18.68, 19.57, 20.40 21.17, 21.88 22.54 
17.16) 19.15) 21.01) 22.74 24.34) 25.82) 27.18) 28. 4) 29.62) 30.71 31.70 
16.97, 19.18 21.19 23.01 24.66 26.16 27.54 28.80 29.96 31.03 32.02 
22.3 25.0 27.6 29.9 32.0 34.0 35.8 37.4 39.0 40.4 41.7 
20.5 23.4 26.0 28.5 30.7 32.7 34.6 36.3 37.9 39.4 40.7 
21.7 24.5 27.1 29.5 31.7 33.7 35.5 37.2 38.7 40.1 41.4 
22.4 25.2 27.7 29.9 | 32.0 34.0 35.8 37.4 39.0 40.4 41.7 
21.4 24.0 26.5 28.8 31.0 33.0 34.8 36.5 38.1 39.5 40.9 
21.8 24.6 27.1 29.4 31.5 33.5 35.3 | 37.0 38.6 40.0 41.3 
21.7 24.6 27.3 29.7 31.9 33.8 35.7 7.4 38.9 40.3 41.6 














TABLE 2. Values of the free-energy function, for the ideal gaseous state, to 1,500° K, for the C; to Cs diolefins 


Temperature in ° K 





. | | | | | | ! | 
Compound (gas = 0 | 20s 6 300 | oO | 6500) 6600) | 6700 | 800 | 900 | 1,000 | 1,100 | 1, 200 1,300 | 1,400 | 1,500 
. j | | } | | 
Free-energy function, (F° —H)/T, in eal/deg mole 
Propadiene (allene Cui 0 —48. 18 —48. 24 —51.35 —54.08 —56.55 —S58. 85 —61.00 —63. 02 —64.94 —66.76 —68.50 —70.16 —71.76 —73.29 
1,2- Butadiene C Hey 0 —57. 11 —57.19 —61. 21 —64.70 —68. 10 —71. 19 —74. 11 —76.88 —79. 52 —82.04 —84.47 86.80 —89.02 —91. 18 
1,3- Butadiene Cis 0 —M. 46 —4. 54 —58. 38 —61. 89 —65. 18 —68, 29 —71. 24 —74.05 —76.72 —79.28 —S81.73 —S4.00 —86.35 —SR8.52 
1,2-Pentadiene CyHy 0 —83.5 —63.6 —68.7 —73.3 —77.6 —S81.7 |—85.5 —89.1 —92.6 —95.9 —99.1 _—102.2 —105.1 —108.0 
cis-1,3-Pentadiene (cis-piperylene) Css 0 —62.9 —63.0 —67.6 —7L8 —75.8 —79.6 —83.3 86.7 90.1 —%.3  —96.4  -—99.3 —102.2 —105.0 
‘ F 
| 
trans-1,3-Pentadiene (trans-pip- : 
erylene) = Cys 0 —61.1 —61.2 —@6.1 —70.5 =—74.7 |—78.7 —82.5 —S6.1 —89.5 '-92.8  —96.0 | —99.0 —101.9 —104.8 
1,4-Pentadiene Cults 0 —63.2 -—63.3 —68.5 —73.1 —77.4 |—S81.5 —S85.4 —89.0 —92.5 8.8 —99.0 102.0 —105.0 —107.8 
2,3-Pentadiene Cos 0 —61.9 62.0 —6.9 71.4 75.5 —70.4 —S3.1 —S86.6 —90.0 93.2 96.3 | —99.3 102.2 —104.9 
3-Methyl-1,2-butadiene CyHs 0 —60.6 | —60.7 —65.7 —70.2 |—74.5 |—78.5 |—82.2 —85.8 —89.2 -92.5  —95.7 | —98.7 —101.6 —104.4 
2-Methyl-1,3-butadiene (isoprene) Cris 0-4 0.5 —65.3 —60.8 —74.0 —78.0 |—SI1.8 —S5.4 88.0 92.2 95.4 | —98%.4 —101.4 —104.2 


TABLE 3. Values of the entropy, for the ideal gaseous state, to 1,500° K, for the C; to C; diolefins 


Temperature in ° K 


! | | | y j | | 
Compound (gas) — 0 | 208 16 | w0 | 400 | om | 600 | 700 | 800) | 000) | 1,000 | 1,100 | 1,200 | 1,300 | 1,400 | 1,500 
Entropy, S°, in cal/deg mole 

Propadiene (allene) CyHy 0 58.30 58.39 62.89 67.02 70.83 74.36 77.65 80.73) 83.61 86.33 88.90 91.33 BH 95.83 

1,2-Butadiene Cys 0 70.08 70.15 76.28 81.95 87.25 92.20 96.85 101.22 105.34 109.22 112.91 116.42 119.72 122.88 

1,3-Butadiene _. C He 0 66.62 66.7 72.97 78.86 84.36 89.48 94.25 YS.71 102.88 106.82 110.53 114.05 117.38 120.54 

1,2-Pentadiene “ CsHys 0 79.7 79.9 aS. 0 95.6 102.6 100.3) 115.4 121.1) 126.6 131.7) 136.5) 141.2) 145.5 149.7 

cis-1,3-Pentadiene (cis-piperylene) CsHs 0 77.5 77.6 85.1 92.3 9.2) 105.7) 111.7 | 117.4) 122.18 127.9 132.7 137.2) 141.6 | 145.7 
trans-1,3-Pentadiene (trans-piper- 

vlene) C Hs 0 7.4 768 84.6 92.2 9.2 105.8 112.0 117.8 123.2¢128.3 133.1 137.7) 142.1 146.2 

1,4-Pentadiene CsHes 0 79.7 79.9 8S. 1 95.5 102.6 109.2 115.3 121.0 126.5 131.6 136.4 141.0 145.3 149.5 

2,3-Pentadiene CsHs 0 77.6 77.8 85.5 92.8 99.5 105.9 111.9 117.6 123.0 128.0 132.8 137.4 41.7 145.8 

3-Methyl-1,2-butadiene CsHs 0 76.4 76.5 M.6 92.0 99.1 105.6 111.6 0 117.3 | 122.7) (127.8 | 132.7) 137.3 141.6 | 145.7 

2-Methyl-1,3-butadiene (isoprene CyHys 0 75.4 75.6 83.7 91.4 8.6 105.3 1115 117.3) 122.7) 127.9 132.7) 137.3) 141.7) 145.8 


TABLE 4. Values of the heat content, for the ideal gaseous state, to 1,500° K, for the C, to Cs diolefins 


Temperature in ° K 


a 
. ! j | | | ' 
Compound (gas on 0 | 208.16) 300 400} (500 600 | 700 | 800 | 900 | 1,000 | 1,100 | 1,200 | 1,300 | 1,400 | 1,500 
‘ | | | | 
Heat content, (H°—H,), in cal/mole 
Propadiene (allene Coy 0 3017.4 3045.0 4616.0 6470.0 8568.0 10857. 0 13328. 0 15939. 0 18680. 0 21527. 0 24480. 0 27521. 0 30632. 0 33810. 0 
1,2- Butadiene C He 0 3852.2 3888.0 6028.0 8580.0 11490. 0 14707. 0 18192. 0 21906. 0 25820. 0 29898. 0 34128. 0 38506. 0 42080. 0 47550. 0 
1,3- Butadiene CAs 0 3625.6 3660.0 5836.0 8485.0 11508. 0 14833. 0 18408. 0 22194. 0 26160. 0 30294. 0 34560. 0 38948. 0 43442. 0 48030. 0 
1,2-Pentadiene CsHs 0 4830 4800) 7720) «11150 «15000 19820) 23920) 28800 34000 «= 39380) «= 44880 «(SOTO =O 2) 
cis-1,3-Pentadiene (cis-piperylene) Css 0 432: 4380 = 7000) 10250) 14040) 18200) 22800) 27630 «32700 «38080 «43560 «649270 «655160 «661050 


trane-1,3-Pentadiene (trans-piperylene CsHs 0 4562 4620 7440) «(1085 14700) 18970) 23800) 28530 33700 890) 440 S10 6140 62100 


1,4-Pentadiene CsHy¢ 0 4920 oso T8402 51D 1888292) RN 400 SUS ARNOT HO G2 
2,3-Pentadiene CsHys 0 4681 4740 7440 «#610700 «14400 18550) 23040) 27900) 33000) BR280 43800 «649590 «655900613 
&-Methyl-1,2-butadiene Cis 0 4711 4740 750 «610900 «614760 «189700 «628520 «(28350 «8K SRR 44400 S80 58000 61950 
2-Methyl-1,3-butadiene (isoprene CyHys 0 472 «4530 «67360 (10850) «614760 «(19110 «23760 «(710 «(33800 «639270 «644880 «6850570 «=D 2400 
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TaBie 5. Values of the heat capacity, for the ideal gaseous state, to 1,500° K, for the Cs to Cs diolefins 


Temperature in ° K 





For- | | é j — 
Compound (gas) mula | 0 | 298.16 300 400 | =500 600 700 800 #0 = 1,000 «1,100 1,200 1,300 «1,400 1,500 
' | 
Heat capacity, C3, cal/deg mok 
Propadiene (allene) Cally | 0 | 14.10 | 14.16 | 17.21) 19.82) 22.00) 23.84 | 25.42 26.80 28.00 20.04 | 29.96 30.75 31.45 | 32.06 
1,2-Butadiene___- . C.He 0 | 19.15 | 19.23 | 23.54 | 27.39 | 30.72 33.54 | 36.01 38.16 40.02 4162.43.02 44.23 | 45.29 46.20 
|,3-Butadiene . 7 CiHs | 0 | 19.01 | 19.11 24.29 | 28.52 31.84 | 34.55 | 36.84 38.81 40.52 42.02 | 43.32 44.47 | 45.47 46.34 
| ,2-Pentadiene - CsHs | 0 | 25.2 | 25.3 | 31.4 | 36.5 | 40.8 | 44.5 | 47.7 | 80.4 | 52.8 | 54.9 | 56.7 58.2 | 59.6 60.7 
cis-1,3-Pentadiene (cis-piperylene) - -- CsHs | 0 | 22.6 22.7 29.5 35.3 39.9 43.8 47.0 49.8 i2.2 54.3 i. 1 57.7 59. 1 60.3 
frans-1,3-Pentadiene(trans-piperylene) CsHs | 0 | 24.7 24.9 31.2 | 38.6 40.9 44.6 47.7 w.3 52.6 54.7 M4 58.0 59.3 60.5 
1,4-Pentadiene -| CsHs | 0 | 25.1 25.2 1.3 | B65 O88 44.4 47.6 W.3 2.7 M7 | (565 58.1 0.4 60.6 
2,3-Pentadiene CsHs (0 24.2 24.3 29.9 | 35.0 39.4 43.2 46.6 195 52.0 4.2 | %.1 57.7 59.1 00.3 
}- Methyl-1,2-butadiene . CsHs 0. 25.2 25.3 31.0 36.0 40.3 44.0 47.2 5.0 52.4 54.5 56.3 57.9 59.3 60.5 
2-Methyl-1,3-butadiene (isoprene)..... CsHs 0 25.0 25. 2 31.8 37.1 41.4 45.0 48.0 5.6 52.9 54.9 56.6 58.2 59. 5 60.6 
| | 

2. Styrene and the Methylstyrenes heat content is obtained by multiplying the value 
of the heat-content function by the temperature. 
For styrene and the several methylstyrenes, the The resulting values of the thermodynamic 


values of the heat-content function, free-energy — functions for styrene and the methylstyrenes are 
function, and heat capacity were taken from given in tables 6 to 10, inclusive, which give values 
reference [26]. As usual, the value of the entropy — of the following properties, respectively, from 0° 
is given by the value of the heat-content function to 1,500° K: Heat-content function, free-energy 
less the value of the free-energy function, and the —_ function, entropy, heat content, and heat capacity. 


TABLE 6. Values of the heat-content function, for the ideal gaseous state, to 1,500° K, for styrene, Cz, and the methylstyrenes, Cy 


Temperature in ° K 


. . | | | | 
— —_ 0 | 298.16 | 300 | 400 | 500) | 600 | 700 | 800 | 900 | 1,000 | 1,100 | 1,200 | 1,300 | 1,400 | 1,500 


| | | | ae Fe b ae si > 





| 
Heat-content function, (47°—H})/ T, in eal/deg mole 


Ethenylbenzene (styrene; vinylbenz- 
ene: Phenylethylene) 
lsopropenylbenzene (a-methylsty- 


CsHs | 0 16.72 16.79 21.07 25.32) 29.28 32.92 36.22 39.22 41.95 44.44. 46.70) 48.77 


rene; 2-pheny]-1-propene) CeHw | 0 w.3 20.3 25. 2 30.0 34.6 38.8 42.6 46.1 49.3 52.2 4.9 57.3 59. 6 61.6 
cis-1-Propenylbenzene — (cis-8-methyl- 
styrene; cis-1-pheny]-1-propene) CyHyw 0 @.3 2.3 25.2 30.0 34.6, 3&8 42.6 46.1 49.3 52. 2 4.9 7.3 9.6 616 


trans-1-propenylbenzene = (frans -B- 


methylstyrene; frans-1-phenyl-1- e 

propene) CoHy 0 19.9 2.0 25. 1 0.0 34.6) 389 42.7 46.2 49.5 52.4 55.1 57.5 59.8 861.8 
1-Methyl-2-ethenylbenzene (o-methy]- 

styrene) CyoHy O 20.3 2.3' 25.2 30.0 34.6 38.8 42.6 46.1 49.3 52.2 M9 57.3 59. 6 61.6 
1-Methyl-3-ethenylbenzene (m-meth- 

yistyrene) CHw | 0 D3 D3 B32 WO 34.6) 38) 426 46.1 49.3 52.2, 544.9) 57.3) 3.6 61.6 
1-Methyl-4-ethenylbenzene (p-meth- 

ylstyrene) CoHyw 0 a3 3 25.2 30.0 34.6 38.8 42.6 46.1 49.3 52.2 M9 57.3 50.6 O16 
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Taste 7. Values of the free-energy function, for the ideal gaseous state, to 1,500° K, for styrene, Cg, and the methylstyrenes, Cy 


For 


ompound (gas 5 | #600 


mula ! 


lemperature in ° kK 


Free-energy function, 


Ethenylbenzene 
nylbenzene; phenylethylene) ; - 7 71.2 544 


styrene; vi 


Isopropenylbenzene (a@-meth- 
yistyrene 2-phenyl-1-pro- 
pene 

cis-1-Propenylbenzene  (cis#-6- 
methylst yrene; cis-1-phenyl- 
1-propene 


trans-l-Propeny 1 benzene 
trans-8-methylsty rene 
trans-l-phenyl-l-propene 
Methyl-2-ethenylbenzene (o 
methylstyrene) 
Meth y 1-3-ethenylbenzene 
m-methylstyrene 
-Methy l-4-ethenylbenzene 
p-methylstyrene 


TABLE 8. 


For 


Compound (ga mula 


Ethenylbenzene (styrene; 
zene; phenylethylene) 
Isopropenylbenzene (a-m« thylstyrene; 

2-phenyl-1-propene) 
cis-1-Propenylbenzene  (cis-8-methy!] 
styrene; cis-1-phenyl-1-propene) 
trans-1-Propenylbenzene  (trans-6 
methylstyrene; frans-1-phenyl-1-pro 
pene 


vinylben 


-Methyl-2-ethenylbenzene (o-methyl 
styrene) 
Methyl-3-ethenylbenzene 
yistyrene) 

-Methyl-4-ethenylbenzene (p-methyl 
styrene) ° 


(m-meth 


~S$1.42 —86. 21 


—~1o.7 


Ww1.2 


102.6 


Values of the entropy, for the ideal gaseous state, to 1,500° 


1,000 


F°—H,)/T, 


26 99.54 —108. 6 


112.8 


- 5 111.4 


1,100 


in cal deg mole 


116.3 


115.8 


116.3 


—116.3 


1,200 


120.9 


120.5 


120.9 


122. 3 


120.9 


—111.44 


1,300 1,400 | 1,500 


13 —118 


125.0 


125.4 


126.58 


—125.4 


K, for styrene, Cy, and the methylstyrenes, Cy 


lemperature in ° K 


Entropy, 


| ] 
} SOO 


' 


27.04 


143.8 


143.8 


S°, in cal/deg mole 


1,100 | 1,200 | 


lt) 


182.7 


182.7 
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TaBLeE 9. Values of the heat content, for the ideal gaseous state, to 1,500° K, for styrene, Cy, and the methyl-styrenes, Cy 


Temperature in ° K 
| 


! 
oo | 700 | 800 | GOO | 1,000 1,100 | 1,200 1,300 | 1,400 1,500 
| | j | 


For- | 9 | 296.16] 300 | wo | a | | | 


Compound (gas mul 
a 


Heat content (H°—H,), in cal/mole 





Ethenylbenzene (styrene; vinylben- | 

zene; phenylethylene) 4,985 5.037 8428 12,660 17,568 23,044 28,976 35,208 41,950) 48,880) 56,040 70, 940 78, 630 
Isopropenylbenzene (a-methylstyrene; 

2-phenyl-1-propene) 6,050 6,000 10,080 15,000 20,760 27,160) 34, O80 ’ 49, 300 57, 400, 65, 900 .é 83, 400 92, 400 
cia-1-Propenylbenzene (cis-6-methy]- 

styrene; cis-1-phenyl-1-propene) 0 6,050 6,090 10,080 15,000 20,760 27,160 34,080 . 490 49, 300) 57, 400, 65, 900 . , 400 92, 400 
trans-1-Propen ylbenzene (trans-p- 

methylstyrene; trans-l-phenyl-1 

propene 0 5,930 6.000 10,040 15,000 20,760 27,230 34,160 41,5 ‘ 57, 600) 66, 100) 74, 3, 700) 92, 700 





-Methyl-2-ethenylbenzene (o-methy1- 
styrene) “oH, 6,050 6,090 10,080 15,000 20,760 27,16) 34, 080 490 49,300 57,400 65,900 74,! 3,400 92, 400 
-Methyl-3-ethenylbenzene (m-methyl- 
styrene)... 6,05) 6,090 10,080 15,000 . 760 27, 160 34,080 41,490, 49.300 57, 400) 65, 900 ‘ 83, 400 92, 400 
-Methyl-4-ethenylbenvene (p-methy!- 
styrene) 6,050 6,090 10,080 15,000 20,760 27,160 34,080 490 49,300 57, 400) 65, 900 » 83, 400 92, 400 


TaBLe 10. Values of the heat capacity, for the ideal gaseous state, to 1,500° K, for styrene, Cs, and the methylstyrenes, Cy 


Temperature in ° K 


Form- 


TOO | aon 1.000 1,100 1.200 1,300 1.400 
ula 


Compound 


Heat capacity, Cp, in cal/dez mok 


Ethenylbenzene (styrene; vinylben- 

zene; phenylethylene a 9. 3: 5.4 5 57.2 : 67.92 70.48 72.66 
Isopropenylbenzene (a-methylst yrene; 

2-phenyl-1-propene) ’ 34. § : 53. ! 7 7 79.8 829 85.6 
cu-1-Propenylbenzene  (cis-6-methy]- 

styrene; cis-1-pheny]-1-propene) 34.7 34. § 53. 7 7 73 42.9 85.6 
trans-1-Propenylbenzene (trans-B- 

methylstyrene; trans-1-pheny]-1- 

propene) 


1- Methyl-2-ethenylbenzene (o-methy1- 
styrene) 

1-Methyl-3-ethenylbenzene (m-meth- 
yistyrene) 

1- Methyl]-4-ethenylbenzene (p-methyl- 
styrene 
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IV. Heat of Formation, Free Energy of 
Formation, and Equilibrium Constant 
of Formation 


For the standard heat of formation from the 
elements at 25° C, values for the diolefins, C, to 
C,, were obtained as follows: 1,3-Butadiene, from 
reference [27]; 1,2-butadiene, from reference [28]; 
propadiene, ¢¢s- and trans-1,3-pentadiene, and 1,4- 
pentadiene, from combination of the data on heats 
of hydrogenation from references [36, 37] with the 
values for the heats of formation of the corres- 
ponding paraffin hydrocarbons from reference [29]; 


by calculation, using the relations between energy 


content and molecular structure given in references 
(29, 30, 31, 32, 33). The values so calculated are 
believed to be uncertain by not more than about 
+0.75 keal/mole. 

For the standard heat of formation from the 
elements at 25° C, values for styrene and the 
methylstyrenes were obtained as follows: 

Ethenylbenzene (styrene, vinylbenzene, or 
phenylethylene), from reference [28]; isopropenyl- 
benzene (a-methylstyrene or 2-phenyl-1l-propene), 
from reference [34]; e/s-l-propenylbenzene (cis-8- 
methylstyrene or ¢/s-1-phenyl-1l-propene), trans-1- 
propenylbenzene (trans-8-methylstyrene or trans- 
1-phenyl-l-propene), —1-methyl-2-ethenylbenzene 
(o-methylstyrene), 1-methyl-3-ethenylbenzene, 


(m-methylstyrene), and 1-methyl-4-ethenylben- 
zene (p-methylstyrene) by calculation, using the 
relations between energy content and molecula: 
structure given in references [29, 30, 31, 32, 33]. 
The values so calculated are believed to be uncer- 
tain by not more than about +0.75 keal/mole. 

The method of calculating values of the standard 
heat of formation, the standard free energy of 
formation, and the logarithm of the equilibrium 
constant of formation for the different tempera- 
tures in the range 0° to 1,500° K, is the same as 
that described in section LV, 1, of reference [35). 

The resulting values for the formation of the 
given hydrocarbon in the gaseous state, from the 
elements carbon (solid, graphite) and hydrogen 
(gaseous), each in its thermodynamic standard 
state, are presented in tables 11 to 16, inclusive, 
which give values of the following properties, for 
the C; to C; diolefins, styrene, and the methyl- 
styrenes, to 1,500° K: Heat of formation, free 
energy of formation, and logarithm of the equilib- 
rium constant of formation. It should be noted 
that the uncertainties in the values for the penta- 
dienes and the methylstyrenes are such as to make 
the values of the logarithm (to the base 10) of the 
equilibrium constants of formation for these com- 
pounds uncertain by as much as 0.3 to 0.5, which 
is equivalent to a factor of 2 to 3 in the value of 
the equilibrium constant itself. 
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V. Free Energies and Equilibria of Some 


Reactions of 
Dehydrogenation 


Isomerization 


a 


nd 


In figure 1 are plotted, as a function of tempera- 
ture, for the two butadienes, the amounts, in mole 
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Ficure 1. Equilibrium concentrations of the two butadienes. 
The seale of ordinates measures the amount in mole fraction, and the scale 


gaseous @ate. 


table 17. 





state. 
given in table 18, 
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In figure 2 are plotted, 
ature, for the seven pentadienes, the amounts, in 
mole fraction, of each of the isomers present at 
equilibrium with the other isomers in the gaseous 
The corresponding numerical values are 


of abscissas gives the temperature in degrees Kelvin and degrees Centigrade. 
The vertical width of a band at a given temperature measures the mole fraction 
of the given isomer present at equilibrium with all of its other isomers in the 


fraction, of each of the isomers present at equilib- 
rium with the other isomer in the gaseous state. 
The corresponding numerical values are given in 


as a function of temper- 
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Figure 2 


The seale of « 


Equilibrium concentrations of the seven 
pentadienes. 


wdinates Measures the amount in mole fraction, and the scale 


of abscissas gives the temperature in degrees Kelvin and degrees Centigrade. 
The vertical width of a band at a given temperature measures the mole frac- 


tion of the given isomer present at equilibrium with all of its other isomers in 


the gaseous state 
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TABLE 18. 


Composition, in mole fraction, of the mixture of isomers at equilibrium 


Temperature > -e : 
is-1,3- 


1,2-Pentadiene <a 
































K 
298.16 0. 000 
300. 000 
400 000 
Soo . 000 
600 000 
700 000 . 382 
sO) 000 .377 
900 000 . 357 
1000 000 351 
1100 .0o1 338 
1200) oo 323 
1300 Os . OS 
1400 005 286 
1s wT 27 
TEMPERATURE IN °C 
C) 200 400 600 800 1000 200 
T T T T T T T T T T T T T LJ 
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° ee 
7 |,2-PENTADIENE = |- PENTYNE 
- * “2-BUTADIENE = | ~ BUTYNE 
-2 , 
-3 a 
=x 
2-4 
3 |,3- BUTADIENE = 2- BUTYNE 
-5 a 
— cis-1,3-PENTADIENE = 2-PENTYNE 
m | trons-!,3-PENTADIENE = 2-PENTYNE 
-Te 
-8 a 
ISOMERIZA TION 
-9 DIOLEFIN = ALKYNE 
Coten-2 = Cnten-2 
i 1 i iL 1 L L L L 1 ._— - l l i 
200 400 600 800 1000 2=C's«é200 1400 1600 


TEMPERATURE IN °K 
Figure 3. Dehydrogenation of monoolefins to diolefins. 
The scale of ordinates gives the value of the logarithm (to the base 10) o 
the equilibrium constant for the reaction of dehydrogenating a given monoole” 
fin to a given diolefin, in the gaseous state. The scale of abscissas gives the 
The several curves refer to the following 
reactions in the gasesous state: A, Propylene=propadiene+hydrogen; B, 
1-butene =1,3-butadiene+hydrogen; C, cis-2-butene = 1,3-butadiene+hydro- 
gen; D, trans-2-butene=1,3-butadiene+hydrogen; E, isobutene=1,3-buta- 
diene+ hydrogen. 


temperature in degrees Kelvin. 
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Equilibrium concentrations of the seven pentadienes in the ideal gaseous state to 1,500° K 


trans-1,3- 3-Methyl-1,2- | 2-Methyl-1,3- | 











Pentadiene 1,4-Pentadiene 2,3-Pentadiene butadiene butadiene 
0. 263 0. 000 0.000 0. 000 0. 370 
262 . 000 000 . 000 . 369 | 
. 285 000 000 000 319 | 
. 291 . 002 000 000 . 09 } 
. 301 . 006 . 000 . 000 . 209 
31 014 O00 . 000 . 293 
312 027 . 000 000 . 24 
319 . 042 000 000 282 
308 . 060 000 .0O1 280 
. 506 . OSD . 001 OO 274 
. 805 . 100 oO 002 7 
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re +HYDROGEN ~j 
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Figure 4. Isomerization of diolefins to acetylenes. 


The scale of ordinates gives the value of the logarithm (to the base 10) of 
the equilibrium constant for the reaction of isomerization of a given diolefin 
to a given acetylene hydrocarbon, in the gaseous state. The scale of abscissas 
gives the temperature in degrees Kelvin. The several curves are for the follow- 
ing reactions in the gaseous state, as indicated: Propadiene=propyne, 1,2- 
butadiene=1-butyne; 1,2-pentadiene =1-pentyne; 1,3-butadiene = 2-butyne; 
cis-1,3-pentadiene = 2-pentyne; frans-1,3-pentadiene = 2-pentyne. 
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Tasie 19. Equilibrium concentrations of the six methylstyrenes in the ideal gaseous state to 1,500° K 


Composition, in mole fraction, of the mixture of isomers, at equilibrium 


Temperature 
| a-Methylsty- cis#-Methyl- trans-6-Me-  o-Methylsty- m-Methylsty- p-Methylsty- 


rene styrene thylstyrene rene rene rene 
K 
208.16 0.44 0.014 0.051 0. 046, 0. 265 0.210 
300 396 ol 49 045 . 293 203 
400 . 329 027 . 062 O64 319 199 
ow 292 039 073 079 . 322 195 
600 . 265 05) O81 . 089 325 190 
700 . 47 059 . 086 . 097 . 325 . 186 
S00 24 . 066 090 103 . 325 182 
oon . 224 073 O93 . 108 323 Iso 
1,000 -215 079 096 .112 . 322 176 
1,100 . 208 O83 100 115 . 320 174 
Law 202 OSS 108 7 9 171 
1,300 . 198 Ovi . 105 120 318 . 168 
1,400 192 . 0938 110 . 120 3iy 166 
1.500 191 ww 107 .1233 315 1 
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Figure 6. Dehydrogenation of alkylbenzenes to 
h DYN: corresponding styrenes. 
0 600 1000 200 400 The scale of ordinates gives the value of the logarithm (to the base 10) of 
TEMPERATURE IN °K the equilibrium constant for the reaction of dehydrogenating a given alkyl- 


benzene to a corresponding styrene, in the gaseous state. The scale of absiccas 


Ysnsrme & ?, yy oy . . 
Ficure 5. iquilibrium concentrations of the siz gives the temperature in degrees Kelvin. The several curves refer to the follow- 





methylstyrenes. ing reactions in the gaseous state: A, Ethylbenzene=styrene+hydrogen; 

The scale of ordinates measures the amount in mole fraction, and the scale B, isopropylbenzene=a-methylstyrene+hydrogen; C, isopropylbenzene = 

of abscissas gives the temperature in degrees Kelvin and degrees Centigrade. cis-6-methylstyrene+hydrogen; LD, isopropylbenzene =trans-6-methylsty- 

The vertical width of a band at a given temperature measures the mole frac- rene+hydrogen; E, 1-methyl-2-ethylbenzene =o-methylstyrene+hydrogen; 

tion of the given isomer present at equilibrium with all of its other isomers in F, 1-methyl-3-ethylbenzene = m-methylstyrene+hydrogen; G, 1-methyl-4- 
the gaseous state. ethylbenzene = p-methylstyrene-+hydrogen. 
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In figure 3 are plotted, as a function of tempera- 
ture, {values of the logarithm of the equilibrium 
constant for the reactions of dehydrogenation of 
propylene to propadiene and of each of the four 
butenes to 1,3-butadiene. 

In figure 4 are plotted, as a function of tempera- 
ture, values of the logarithm of the equilibrium 
constant for the reactions of isomerization of 
propadiene to propyne, 1,2-butadiene to 1-butyne, 
1,.2-pentadiene to 1-pentyne, 1,3-butadiene to 
2-butyne, cis-1,3-pentadiene to 2-pentyne, and 
trans-1,3-pentadiene to 2-pentyne. 

In figure 5 are plotted, as a function of tempera- 
ture, for the six methylstyrenes, the amounts, in 
mole fraction, of each of the isomers present at 
equilibrium with the other isomers in the gaseous 
state. The corresponding numerical values are 
given in table 19. 

In figure 6 are plotted, as a function of tempera- 
ture, values of the logarithm of the equilibrium 
constant for the reactions of dehydrogenation of 
ethylbenzene to styrene, isopropylbenzene to 
a-methylstyrene, isopropylbenzene to cis-8-meth- 
yistyrene, isopropylbenzene to trans-8-methyl- 
styrene, 1-methyl-2-ethylbenzene to  o-methyl- 
styrene, 1l-methyl-3-ethylbenzene to m-methyl- 
styrene, and 1-methyl-4-ethylbenzene to p-methyl- 
styrene. 
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Accurate Determination of the Deadtime and Recovery 
Characteristics of Geiger-Muller Counters 


By Lovis Costrell 


A brief description of the theory of operation of Geiger-Miiller counters is presented, 


with special emphasis on the deadtime and recovery characteristics. 


An electronic gating 


instrument is described that has been developed for the determination of deadtime and 


recovery characteristics to an accuracy of 1 percent or 2 microseconds. 


Experimental data 


are presented showing variation of deadtime and recovery time with counter pressure and 


overvoltage. 


I. Introduction 


Geiger-Miiller counters are extensively used in 
the measurement of radiation from atomic nuclei. 
A knowledge of their characteristics is, therefore, 
essential in interpreting the data obtained. The 
deadtime and the recovery characteristics of 
Geiger counters are of interest not only because 
they are important factors in determining the 
errors that occur, but also because they are 
intimately associated with the discharge mech- 
anism. An electronic instrument has been de- 
signed and constructed for the accurate determina- 
tion of the deadtime and recovery characteristics 
of Geiger counters. The pulses initiate “gates’’ 
that can be set to predetermined durations so as 
to permit registering of pulses that follow’ the 
initiating pulses within the time that the gate 
is open. A few instruments, !?** quite different 
in design, though somewhat similar in funetion, 
have been developed for determination of spurious 


'R. L. Driscoll, M. W. Hodge, and A. E. Ruark, Rev. Sci. Inst, 11, 241 

140). The instrument described is suitable only for intervals greater than 
6.1 see. 

2 Arthur Roberts, Rev. Sci. Inst. #2, 71 (1941). The instrument described 
has arange of 10“ to0.3 sec. It utilizes gas tubes preceding a pulse lengthen- 
er and a Rossi coincidence circuit. Counter characteristics and resolving 
time have been investigated with this instrument. Counters giving even a 
small percentage of multiple pulses are apparently readily detected 

F. L. Davis and L. F, Curtiss, J. Research NBS 29, 405 (1942) RP1509, 
rhe instrument described has a range of 3 x 10-5 to 0.2 see. and is used pri- 
narily for testing for multiple pulses in aleohol-argen counters. The data 
tained permit determination of the resolving time 

*S. C. Curran and E. R. Rae, Rev. Sei. Instr. 18, 871 (1947 

ent described is a modification of the Roberts instrument 

ne delay is included that permits accurate determination of th» number of 
irious counts that occur. 
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The instru- 
A variable 





pulses and resolving time. The instrument de- 
scribed herein uses no relays or gas tubes, hard 
vacuum tubes being used exclusively. The in- 
strument has been designed specifically for the 
determination of the deadtime and recovery 
characteristics of Geiger counters and has high 
accuracy when used for this purpose. An ac- 
curacy of 1 percent or 2 microseconds (whichever 
gives the larger error) is obtained. 


II. Deadtime, Recovery Time, and 
Resolving Time 


When an ionizing event occurs in a Geiger- 
Miiller counter, the negative electrons are at- 
tracted to the positive wire. Since the electric 
field in the vieinity of the wire is extremely high, 
the electrons released in the initial ionization 
acquire sufficient velocity to release additional 
electrons from neutral atoms that lie in’ their 
paths. The electrons so released dislodge addi- 
tional electrons as they travel toward the wire. 
This cumulative ionization is known as a Town- 
send avalanche. The electrons that reach the 
wire contribute a negative electric charge to the 
wire. This charge is responsible for the negative 
voltage pulses obtained from the counter. 

The electrons, being light and therefore highly 
mobile, reach the wire within a fraction of a 
microsecond after the ionization has occurred. 
The positive ions proceed at the same time to- 


ward the negative evlinder. However, being 
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Sheath of electrons and positive ions about 
positive wire of Geiger counter. 


Ficore 1. 
a, Immediately after avalanche; b, a fraction of a microsecond later 


heavy particles, they proceed at a slow rate com- 
pared to the fast-moving electrons. In addition, 
they have a further handicap in that they have a 
considerably longer distance to travel than do the 
electrons. This is the case since practically all 
of the secondary electrons are produced in the 
high field region very close to the wire. Figure 
1, a, shows a simplified version of the region very 
close to the wire immediately after the avalanche 
has occurred. A fraction of a microsecond later 
the electrons have reached the wire, whereas the 
positive ions are still stranded about the wire, as 
shown in figure 1, b. This sheath of positive ions 
forms a shield about the wire, thus reducing the 
field intensity to less than the value necessary for 
Geiger action. A particle entering the counter at 
this time is thus unable to produce an avalanche. 
This sheath of positive ions moves slowly outward, 
finally traveling far enough from the wire so that 
the electric field about the wire increases to a 
value sufficient to permit Geiger action to re- 
sume.® However, since the positive ion sheath 
is still unneutralized within the counter, its 
shielding effect does not permit the normal electric 
field intensity to exist about the wire. Therefore, 
pulses of reduced size will result from particles 
entering the counter very shortly after the positive 
ions have moved an amount sufficient to permit 
the resumption of Geiger action. As the ions 
move toward the cylinder, the electric field in- 
tensity near the wire increases, finally reaching 
its full value when the ions have reached the 
cylinder. Thus, full size pulses cannot oecur 
until the positive ions have reached the cylinder. 
The action of polyatomic gas molecules in quench- 





5 The theory ofthe action of the positive ion sheath in this manner is due 
to C. G, and D. D. Montgomery, J. Franklin Inst. 231, 509 (1941). 
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ing the discharge also plays an important part in 
the counter operation, though this action will 
not be discussed here. 

Physically, the deadtime is the time required for 
the positive ions to travel far enough from the 
wire to permit the resumption of Geiger action, 
and the recovery time is the time required for the 
positive ions to reach the counter wall. Fune- 
tionally, the deadtime and recovery time can be 
defined as follows: 

Deadtime: The time interval after a pulse has 
occurred during which the counter is insensi- 
tive to further ionizing events. 

Recovery time: The time interval that must 
elapse after a pulse has occurred before a 
full-size pulse can again occur. 

Since a pulse of finite size is required to operate 

a detecting circuit, the resolving time of the 
counter and its accessories (amplifying and seal- 
ing circuits, ete.) exceeds the deadtime of the 
counter. 

The resolving time can be defined as follows: 

Resolving time: ° The minimum time interva: 
by which two pulses must be separated to 
be detected as separate pulses by the counter 
and its accessories. 

Stever 7 has described a method for determining 
the deadtime and recovery characteristics of 
Geiger counters by means of a cathode ray oscil- 
loscope. The accuracy is adequate for most pur- 
For best results a time exposure photo- 
graph should be taken of the oscilloscope screen 
pattern, though the deadtime and the recovery 
curve can be observed visually, especially if a high 
counting rate and persistent screen are used. 
This method will be described as it gives an excel- 
lent picture of the deadtime and recovery phe- 
nomena. The pulses from the counter are applied 
to the }-axis amplifier of the oscilloscope and 
also made to trigger the sweeps. (Some oscillo- 
scopes, such as the DuMont type 248, have driven 
sweep circuits that can be triggered externally 
and are well suited for this purpos». The 1,000- 
microsecond sweep on the DuMont type 248 
oscilloscope gives good results.) Consider counter 
pulses applied to an oscilloscope in this manner 


poses. 


* Resolving time has been a loosely used term, frequently being applied 
to a counter. Actually, the resolving time is a function of the input sensi- 
tivity of the sealer, as well as of the deadtime and recovery characteristic 
of the counter 

7H. G. Stever, Phys. Rev. 61, 38 (1942). 
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with a sweep of 1,000-microseconds duration. If 
the counting rate is 100 counts per second, the 
average spacing between pulses will be 10,000 
microseconds. Thus, after a sweep has been 
initiated by a pulse, there is a probability of 
approximately one out of 10 that another pulse 
will appear on the screen. Such a pulse is shown 
as pulse P1 in figure 2, During some other 
sweep a pulse, P2, as shown in figure 2, b, will 
appear. On still another sweep, a pulse P3 of 
figure 2, c, will appear on the screen. If a time 
exposure photograph is taken of the screen, ran- 
dom pulses appearing at various instances will be 
recorded on the film, giving the pattern shown in 
figure 2, d. The deadtime, recovery time, and 
resolving time are indicated in figure 2, d. 


III. Resolving Time Errors 


Since nuclear disintegrations occur in a random 
manner, there is a finite probability of two dis- 
integrations occurring within any given time 
interval. Since the counter is dead for a short 
period after a pulse has occurred, some of the dis- 
integrations will not be detected. This will intro- 
duce a discrepancy between the number of par- 
ticles entering the counter and the number of 
counts recorded. The resulting error can be cal- 
culated as follows: 

The counter is insensitive for a time, ¢,, after 
each pulse, where f, is the resolving time of the 
counter in seconds. On the average, the counter 
is sensitive for a period (1/a—t,) after each pulse, 
where @ represents the true number of particles 
detected per second. For values of t,< <1/a, the 
sensitive time is, therefore, approximately 1 a. 
Therefore, 


insensitive time = ¢, if 
a =at,. 
sensitive time la ; 

For values of at.< < 1a, n (the observed num- 
ber of particles detected per second) is approxi- 
mately equal toa. Therefore, 


Percentage error = 100nt,. (1) 


It is readily seen that a counting rate of 100 counts 
per second, using a counter with a resolving time 
of 300 microseconds, will result in a resolving time 
error of 3 percent, whereas the same counting 
rate with a counter with a 1,000-microsecond re- 
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Ficure 2. 


Pi, P2, and P3 are random pulses. 


solving time will result in a resolving time error of 
approximately 10 percent. If the counter is cali- 
brated against a source of the same intensity as 
the test sample, the resolving time error will be 
automatically compensated for. However, this 
is not the case when the calibrating standard and 
the test sample vary appreciably in intensity. 
Corrections can, however, be made for the re- 
solving time error by the use of eq 1. 


IV. Statistical Analysis 


Determination of the deadtime and recovery 
characteristics of Geiger counters by consideration 
of the number of pulses falling within given time 
intervals necessitates analysis of the statistical 
behavior of random events. Let 
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N=Accepted counts per second (par- 
ticles detected per second that 
occur within given time inter- 
vals after preceding detected 
particles). 

a= True particles detected per second. 

n—Observed particles detected per 
second (true particles detected 
per second minus coincidence 
loss). 

¢t=—time in seconds. 
t, —deadtime in seconds. 
t, gating time in seconds. 
feo, tso, too, ete. = time in seconds to recover to SO, 
50, 20 percent, ete. 


The instrument described later accepts only 
pulses occurring between the end of the deadtime 
and the end of the gating period. The instru- 
ment is thus sensitive only during the time interval 
(t,—t,). The probability that no countable par- 
ticle will appear during this time interval is 
e ““e'® For values of a(f,—t,) much less than 
unity, the average number of counts per second 
that will occur in the time interval (¢,—f,) is given 
by eq 2. 

N=a[l—e-*e-'#), (2) 


Figure 3 is a plot of eq 2. The time-axis inter- 
cept of the curve gives the deadtime. 

Equation 2 can be simplified as follows: 
Expanding eq 2 


. *(t,—ta)* , 
N a{l—1- th) OF - tT. | 


Ignoring terms higher than first order, 
N =a*(t.—ty). 
Since ” is approximately equal to a, 


N=n?(t,—t,). (3) 
Rearranging, 
ty ine (4) 
- 

Best results are obtained by determining a few 
points on the straight-line portion of the curve of 
figure 3 and extrapolating the curve to give the 
deadtime. If only pulses above a certain size are 
accepted by the instrument, a curve similar to 
figure 3, but displaced somewhat to the right, will 
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(TRUE COUNTING RATE 


ACCEPTED COUNTS PER SECOND —= 








DEADTIME“; 


Ficure 3. 


GATING TIME ——= 


Accepted counts per second versus gating time. 


be obtained. The time axis intercepts of each of 
these curves represents the time for recovery to 
the minimum pulse size accepted. Figure 4 
shows such curves for various minimum pulse 
The data from figure 4 can be replotted to 
give the complete recovery curve of the counter, 
as shown in figure 5. 


sizes. 


V. Description of Instrument 


The instrument developed for the determina- 
tion of the deadtime and recovery characteristics 
of Geiger counters is shown in block form in fig- 
ure 6. Figure 7 is a schematic diagram of the 
circuit. 


ACCEPTED COUNTS PER SECOND 








' ‘ 1 ‘ 
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fi ! 
re T 
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GATING TIME ——— 
Ficure 4. Accepted counts per second versus gating time 
for various degrees of recovery. 


ta, Deadtime; fo, time to recover to 20 percent; fsoq, time to recover to 
percent; fa«,, time to recover to S80 percent 
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Ficure 5. Recovery curve of Geiger counter. 

The random pulses from the Geiger counter are 
fed into a pulse amplifier, then into a pulse height 
selector, then through pulse shaping circuits to 
give sharp negative pulses of uniform height. 
These sharp negative pulses then follow two 
paths; one by the way of an amplifier stage to a 
heavily biased amplifier, the output of which con- 
nects to the input of a conventional scaler, and the 
other through a 15-microsecond delay circuit to a 
“one-shot” gating multivibrator. Figure 8 is a 
schematic diagram of the delay circuit and gating 
multivibrator. The gating multivibrator con- 
trols the bias on the biased amplifier so as to per- 
mit pulses that follow other pulses by less than the 
gating time to go through the biased amplifier 
and actuate the scaling and recording circuits. 


* % 











The gate is delayed 15 microseconds with re- 
spect to the initiating pulse, so that the pulse ini- 
tiating the gate will be completed before the 
gate opens. Thus a pulse cannot pass through 
the gate that it initiates, though succeeding pulses 
that follow within the gating time are accepted. 
In the pulse height selector stage the bias is 
varied so as to discriminate against pulses of less 
than a given height. This permits determination 
of the recovery curve of the counter. A simple 
visual pulse-size indicator, as shown in figure 9, 
is incorporated in the instrument to permit ready 
adjustment of the input potentiometer. 

The counter pulses are applied through po- 
tentiometers R, and R,; (fig. 7) to the control 
grid of tube Tl which is a conventional class A 
resistance coupled amplifier. The output of this 
stage is then applied to the pulse size indicator 
and to the control grid of the pulse height selector. 
The pulse height selector, tube T2, is a sharp cut- 
off amplifier in which the control grid bias is 
adjusted by means of potentiometer R, to obtain 
the desired pulse size discrimination. (A biased 
diode would also be satisfactory for this applica- 
tion.) This permits determination of the re- 
covery curve, as shown in figure 5. The bias 
voltage is indicated on the voltmeter shown in the 
grid circuit of tube T2. The output pulses of the 
pulse height selector vary considerably in size. 
The pulses are, therefore, amplified by tube 
T3a and T3b, and then clipped by tube T4a so 
that the pulses at the clipper output are of uni- 
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form height. The positive output pulses of the 
clipper are differentiated by the RC network in 
the grid circuit of tube T4b. The trailing edge 
pulse is clipped by means of the grid bias, whereas 
the leading edge is retained. The sharp negative 
pulses at the output of 74 trigger the delay cir- 
cuit, that in turn triggers the gating multivi- 
brator. The pulses from 746 are also inverted 
and amplified by T5 to produce large positive 
output pulses for application to the biased 
amplifier T6. 

The biased amplifier, T6, has a high negative 
bias so as to block the positive pulses from T5. 
Since the control grid of T6 is connected to the 
plate of the normally conducting half of the gating 
multivibrator, it is at a positive potential of 
approximately SO v_ with respect to ground. 
Therefore, the negative bias.of approximately 
120 v is obtained by maintaining the cathode at 
approximately 200 v positive. When the gating 
multivibrator “opens the gate’’, the bias is re- 
duced sufficiently to permit the acceptance of the 
positive pulses from the output of T5, as shown in 
figure 10. The pulses at the output of the biased 
amplifier T6 are then applied to the sealing cir- 
cuit, where they register as accepted counts. 

The negative pulses at the output of T4b trigger 
the one-shot multivibrator, tube T9a and T9b of 
figure 8, producing rectangular pulses of approxi- 
mately 15-microseconds duration. These rec- 
tangular pulses are differentiated, amplified, and 
then clipped. The pulse resulting from the lead- 
ing edge of the 15-microsecond pulse is eliminated 
in the clipping operation, while the trailing edge 
pulse is retained. The pulse retained is thus 
delayed approximately 15 microseconds with 
respect to the initiating pulse and is used to trigger 
the gating multivibrator.® 


*It is planned to replace the 15-microsecond delay circuit by a variable 
time delay circuit in order to increase the versatility of the instrument. 
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PULSE THAT INITIATES GATE 
Ficure 10. Voltage on grid of biased amplifier. 

The gating multivibrator, tube Tlla and T11b 
of figure 8, is a one-shot multivibrator with a 
plateau adjustable between approximately 30- and 
approximately 5,000-microsecond duration. Tlla 
is normally conducting. It is rendered noncon- 
ducting by a negative pulse and remains non- 
conducting for a time determined by the values 
of capacitors C40 and resistor R57. When Tila 
becomes nonconducting, its plate voltage rises 
and assumes the value of the supply voltage. 
Thus, a rectangular positive pulse appears at the 
output of the gating multivibrator, when triggered. 
This rectangular pulse is applied to the grid of 
the biased amplifier T6, opening the gate by 
decreasing the bias to such a value that pulses 
from T5 that occur while the gate is open, are 
accepted by the biased amplifier and, therefore, 
actuate the sealing circuit. It will be noted from 
figure 10 that the gate begins approximately 15 
microseconds after the initiating pulse, so that a 
pulse cannot pass through the gate that it initiates. 
Since the 15 microseconds is considerably shorter 
than the deadtime of Geiger counters of the types 
now in general use, none of the pulses that should 
register are blocked because of the delay. 

The pulse size, indicator, figure 9, consists 
simply of a biased amplifier and a one-shot multi- 
vibrator with a neon lamp across the load resistor 
of the normally nonconducting triode. When 
the input pulses are of sufficient amplitude to 
overcome the bias on the biased amplifier T7 and 
trigger the multivibrator TS8a and TSb, the voltage 
across the load resistor R44 rises to approximately 
100 v_ for approximately 2,500 microseconds. 
Sinee the neon lamp starts conducting at approxi- 
mately 70 v, this causes the lamp to conduet. 
The lamp is essentially a constant-voltage device, 
maintaining a voltage of approximately 65 v while 
conducting. Thus, the voltage across the 25K 
resistor is approximately 35 v and the current 
through the lamp and the resistor approximately 
1.4 mils. This current is drawn for approxi- 
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mately 2,500 microseconds for each pulse, pro- 
ducing bright flashes. With counting rates of the 
order generally used (approximately 100 pulses 
per second) the flashes appear so frequently that 
the lamp appears to be on continuously when 
flashing. The bias of T7 is permanently adjusted 
so that the lamp will begin to flicker when the 
input pulses are of the proper size. A biased diode 
would also be satisfactory for this application, in 
lieu of the pentode used for T7. 

Any accurate double pulse generator can be 
used to calibrate the instrument. Conventional 
double pulse generators utilize blocking oscillators 
or one-shot multivibrators. Actually, a double 
pulse generator utilizing a shock-excited oscilla- 
tor was used. The shock-excited oscillator is 
sharply attenuated by means of resistance across 
the tuned circuit. The oscillations are then clipped 
to eliminate all but two half cycles, and these two 
are shaped to give the double pulses desired. The 
spacing between the two pulses comprising a pair 
is determined primarily by the constants in the 
cathode circuit of the shock-excited oscillator. 
The repetition frequency is the repetition fre- 
quency of the square wave generator that controls 
the shock-excited oscillator. 
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Figure 11. Variation of deadtime and recovery time of 
mica window argon-alcohol counters with variation in total 
pressure. 

Counters filled with aleohol at pressure of 12 mm (hg) and remainder argon. 

Overvoltage =7525v. 
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VI. Typical Data 


The instrument is currently being used in the 
routine determination of the deadtime and _ re- 
covery characteristics of Geiger counters. 

Investigations have been made of the influence 
of pressure and overvoltage on deadtime and re- 
covery time. The counters tested were of the 
mica window type and contained argon, to which 
had been added alcohol at a pressure of 12 mm 
of mercury. The results of these investigations 
are shown in figures 11 and 12. It will be noted 
that the curves of deadtime and recovery time 
versus pressure are essentially straight lines. It 
will also be noted that the deadtime and recovery 
time both decrease with over-voltage. Figure 12 
includes a curve of resolving time versus over- 
voltage for which it is assumed that the detect- 
ing circuit responds only to pulses larger than 30 
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Ficure 12. 
recovery time of typical mica 
counter (20-cm pressure) with variation in overvoltage. 


Variation of deadtime, resolving time, and 
window argon-alcohol 


For the resolving-time curve, it is assumed that the detecting circuit re- 
sponds only to pulses greater than 30 percent of the full pulse size obtained at 
an overvoltage of 100 v. 
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GATING TIME IN MICROSECONDS 
Fiagure 13. Accepted counting rate versus gating time of 
two mica-window argon-alcohol counters, identical eacept 
for gas content. 


Counters filled with alcohol at a pressure of 12 mm (hg) and remainder 
irgon. Curve A is for counter with 10-cm pressure, curve B for counter with 


7i-em pressure. 


percent of the normal pulse size. Since the pulse 
size increases with voltage, the resolving time de- 
creases With over-voltage at a greater rate than 
do the deadtime and the recovery time. 

Figure 13 shows curves of accepted counts per 
second versus gating time for two mica-window 
counters identical except for gas content. Curve 
A is for a counter with 10-em (Hg) total pressure, 
whereas curve B is for a counter with 70-em (Hg) 
total pressure. Since each of the counters con- 
tained alcohol at a pressure of 12-mm (Hg), the 
high-pressure counter (curve B) had an abnor- 
mally low percentage of alcohol. It will be noted 
that curve B has a pronounced “tail,”’ whereas 
that of curve A is negligible. The tail is due to 
the fact that, after a pulse occurs, the efficiency of 
a counter increases gradually from zero to its full 
value, as reported by Curran and Rae (see footnote 
4). Because of the approximately straight-line 
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GATING TIME IN MICROSECONDS 
Ficure 14. Accepted counts per second versus gating time 
for 5-percent recovery taken on a single counter at two 


different counting rales. 


rise of efficiency, extrapolation of the straight-line 
portion of the curves, such as shown in figure 13, 
gives the same deadtime as is represented by the 
point at which the counter efficiency reaches half 
its full value. 

Figure 14 shows curves of accepted counts per 
second versus gating time taken on a single counter 
at two different counting rates. The time axis 
intercepts give the 5-percent recovery time, 
Both curves give a 5-percent recovery time of 153 
microseconds. This is indicative of the repro- 
ducibility obtained with the instrument. 


WasHINGTON, JuLY 9, 1948 
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Heats of Combustion and Isomerization of the Six C7Hi4 








Alkylcyclopentanes 


By Walter H. Johnson, Edward J. Prosen, and Frederick D. Rossini 


The heats of isomerization of the six C;H,, alkyleyclopentanes were determined by 
measurement of the ratios of the heats of combustion of purified samples of these compounds 
in the liquid state by the procedure previously described for other isomeric hydrocarbons. 
The data yield the following values for the heat of isomerization, AH°, in the liquid state 
at 25° C, of ethyleyclopentane into each of the dimethyleyclopentanes, in kilocalories per 
mole: Ethyleyelopentane, 0.00; 1,1-dimethyleyclopentane, 2.06 + 0.12; cis-1,2-dimethyl- 
0.44 + 0.20; trans-1,2-dimethyleyclopentane, — 1.864 0.16; cis-1,3-dimethyl- 
1.60+ 0.14. 


were combined with values for the differences in the heats of vaporization of these isomers 


eyclopentane, - 
eyclopentane, —1.11+0.24; trans-1,3-dimethyleyclopentane, These values 
to obtain values for the heats of isomerization in the gaseous state at 25° C. 

Utilizing the values previously reported for the heats of combustion and formation of 
ethyleyclopentane in the liquid and gaseous states at 25° C, values were calculated for the 


heats of combustion and formation of the five dimethyleyclopentanes in the liquid and 











gaseous states at 25° C. 


I. Introduction 


In continuation of the program of determining 
the heats of combustion, formation, and isomeriza- 
tion of hydrocarbons of various types [1],’ calori- 
metric measurements have been made that yield 
values for the differences in the heats of combus- 
tion, or the heats of isomerization, of the six 
C-H,, alkvlevclopentanes in the liquid state at 
25° C. These values of heats of isomerization 
were combined with values [2] for the differences 
in the heats of vaporization of these isomers at 
25° C to obtain values for the heats of isomeriza- 
Utilizing the 
values previously reported [3] for the heats of 


tion in the gaseous state at 25° C. 


combustion and formation of ethyleyclopentane 
in the liquid and gaseous states at 25° C, cor- 
responding values were calculated for the five 
dimethyleyclopentanes. 


Figures in brackets indicate the literature references at the end of this 
paper, 


Heats of Combustion and Isomerization 


II. Unit of Energy, Molecular Weights, 


Uncertainties 


The unit of energy upon which values reported 
in this paper are based is the absolute joule, 
derived from mean solar seconds and absolute 
ohms and volts, in terms of which certification of 
standard resistors and cells is made by this Bureau. 
For conversion to the conventional thermochemi- 
cal calorie, the following relation is used [4, 5]: 


1 calorie =4.1840 absolute joules. 


The molecular weight of carbon dioxide, the 
mass of which was used to determine the amount 
of reaction, was taken as 44.010, from the 1947 
table of international atomic weights [6]. 

The uncertainties 
quantities dealt with in this paper were derived, 


assigned to the various 


where possible, by a method previously deseribed 


7}. 
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Definitions of the symbols used are given in 
previous papers [1, 8]. 


III. Method and Apparatus 


The same method and apparatus were used as 
in the investigations recently reported from this 
laboratory [1]. One calorimetric system, re- 
sistance bridge (No. 404), and platinum resistance 
thermometer (No. 373,730) were used for all the 
experiments reported here. 

No products associated with incomplete com- 
bustion were found in any of the experiments. 


IV. Materials 


The compounds used in the present investiga- 
tion were samples from the API-NBS series of 
highly purified hydrocarbons, which are being 
prepared through a cooperative undertaking of 
the American Petroleum Institute and the Na- 
tional Bureau of Standards. 

These samples of API-NBS hydrocarbons have 
been made available by the American Petroleum 
Institute and the National Bureau of Standards 
through the API Research Project 44 on the 
“Collection, analysis, calculation, and compila- 
tion of data on the properties of hydrocarbons.” 
The samples were purified at the National Bureau 
of Standards by the API Research Project 6 on 
the “Analysis, purification, and properties of 
hydrocarbons,” from material supplied by the 
following laboratories: 

Ethyleyclopentane (A), e¢s-1,3-dimethyleyelo- 
pentane, and trans-1,3-dimethyleyclopentane (A) 
by the American Petroleum Institute Research 
Project 45 at the Ohio State University, Columbus, 
Ohio, under the supervision of C. E. Boord. 

1,1-Dimethyleyelopentane, c?s-1,2-dimethyley- 
clopentane, and trans-1,2-dimethyleyclopentane by 
Hydrocarbon Laboratory at the Pennsylvania 
State College, State College, Pa. 

A complete description of the purification, 
purity, and freezing points of the six API-NBS 
hydrocarbons used in the present investigation 
is given in references [9, 10, 11], which reported 
the amounts of impurity in these samples, as 
determined from measurements of freezing points, 
to be as follows in mole fraction: Ethyleyclopen- 


tane (A), 0.0008 +0.0004;  1,1-dimethyleyelo- 
pentane, 0.0003 +0.0002; cis-1,2-dimethyleyelo- 
pentane, 0.00025 + 0.00016; trans-1,2-dimethyley- 
clopentane, 0.0013) +0.0010; eis-1,3-dimethyley- 
clopentane, 0.0041 +0.0023; trans-1,3-dimethyl- 
cyclopentane (A) 0.0035 +0.0009. 

As the manner of purification [9, 10, 11] was 
such as to leave substantially only close-boiling 
isomeric impurities in the respective compounds, 
it is caleulated that in the extreme case the measur- 
ed heat of combustion would be affected by less 
than 0.001 percent because of impurities. 

The samples of trans-1,2-dimethyleyclopentane 
and trans-1,3-dimethyleyclopentane are the race- 
mie mixtures of the dertro and levo forms. With 
regard to energy content, the deztro and lero forms 
are identical, and any difference between these and 
the racemic mixture would be insignificant. 


V. Results 


The experimental results of the present investi- 
gation are summarized in table 1, which gives for 
each of the six compounds the following data: 
The number of experiments performed; the mini- 
mum and maximum values of the mass of carbon 
dioxide formed in the combustion and of the 
calorimetric quantities, AR,, Ar; and Ar, [8]; the 
mean value of B, and its standard deviation, in 
ohms per gram of carbon dioxide formed, as 
defined by eq 4 of reference [8]. The symbols have 
the same significance as in reference [1]. 

In table 2 are given, for the six C;Hy, alkyleyclo- 
pentanes, values of the following: The constant 
B, in ohms per gram of carbon dioxide, as given in 
table 1; B°, which is the value of B corrected to 
the ideal bomb reaction by the method of Wash- 
burn [12]?; B;/B,, which is equal to the ratio of 
the heat evolved, per mole of hydrocarbon, in the 
ideal bomb process at 28° C for each isomer to that 
of ethyleyclopentane; and (—Al®),—(—AU?),, 
the difference, between ethylevelopentane and 
each isomer, in the heat of combustion in the ideal 


bomb process at 28° C. 


? The Washburn correction is the same for all these compounds as they are 
isomers, but account is taken of the variation of the correction with the 
amount of sample burned. As used here, the Washburn correction was 
modified to apply to 28° C (the temperature to which the measured heat of 
combustion is referred) and to the gases at zero pressure (instead of 1 
itmosphere). 
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Taste 1. Results of the calorimetric combustion experiments 


B 
Number Mass of car- - 
Compound = = a aR. Ary Ara Standard 
— en Mean deviation 
of mean 
g Ohm Ohm Ohm Ohm/g CO. Ohm g COs 
| 2. 69117 0. 293466 0. 000254 0. 000004 
Ethyleyclopentane . 7 4 to to to to 0. 1089810 +0. 0000055 
2. 86858 0. 312878 0. 000263 6. 000005 
| 2. 61833 0. 285029 0.000253 0. 000003 | 
1,1-Dimethyleyclopentane iui 5 to to to to ; . 1087759 +. 0000032 
2. 82697 0. 307731 0. 000262 0. 000003 | 
| 2. 76937 0. 301970 0. 000240 0. 000056 | 
cis-1,2-Dimethyleyclopentane __. . 7 to to to to . 1089871 zt. 0OO0085 
| 2. 87510 0. 313576 0.000259 0. 000066 
| 2. 68335 0. 292203 0.000253 0.000006 | 
trans-1,2-Dimethyleyclopentane 7 to to to to . 1087961 . 0000058 
2. 86133 0. 311521 0. 000263 0. 000065 
| 2. 46454 0. 268433 0. 000259 0. 000065 | 
cis-1,3- Dimethyleyclopentane és 5 | to to to to LOSS604 +. OOD0 108 
2. 69782 0. 293898 0. 000271 0. 000075 | 
| 2. 73538 0. 297897 0. 000253 0. 000006 
trans-1,3-Dimethyleyclopentane . - , 5 to to to to , . LOSS215 +. QO00045 
2. $1293 0. 306325 0. 000255 0. 000006 | 


TABLE 2. Heats of isomerization in the liquid state 


Ratio of the heats of 


combustion in the Difference in the heats of com- | 


. al . P . de: ‘ bustion in the ideal bomb | 
Compound B at 28° « B° at 28° ( a ri process, (~AU")q—(—AU"),, 
28.00  & oe at 28.00° ¢ 
Ohm/gC O2 Ohm gCOr? kj mole keal mole 
Ethylcyclopentane 0. 1089810+. 0000110 0. 1089508 +. OOOOL0S 1. Q00000 0.00 0.00 
1,1-Dimethyleyelopentane . LOS7759-. 0000064 1087453. OOOO062 0. 998118+. 0OO114 8. 62+0. 52 2. 06+. 12 
cis-1,2-Dimethyleyclopentane . 1089871. 0000170 . 1089063 +. OO00T TO 9995964. OOOISS 1. 8540. 85 0. 44+. 20 
trans-1,2-Dimethyleyclopentane . 1OSTY6L +. 0000116 10876554. OODLE . 9983044. 000146 7. 7720. 67 1. 86+. 16 
is-1,3-Dimethyleyclopentane . 1088694+-. 0000212 . 1088394. OOOU2T2 GOSYS2 +. OO2L9 4. 66+1.00 1. 11+. 24 
trans-1,3-Dimethyleyclopentane . . 10882154. 0000090 . LO8T908 +. HO00090 99853364. 000129 6. 7140. 59 1.0+.14 
The values of the differences in the heats of com- the heat of isomerization of ethyleyclopentane 
bustion in the ideal bomb process, (—AU°),— into each isomer at 25° C for the liquid and gaseous 
(—AU°);, were obtained by means of the rela- states; —A//e, the decrement in the heat content 
tion |S] accompanying the reaction of combustion of the 
B hydrocarbon in the liquid or gaseous state, as indi- 
(—AU°) (— Af]*) (AFT?) 1——, b - . 4 
. ' ia B cated, in gaseous Oxygen to form gascous carbon 
dioxide and liquid water at 25° C; and A///°, the 
For this calculation, the value of (—AlU’°), at increment in heat content or enthalpy of the proc- 
28°C was taken from reference [13] as 4581.5 ess of forming the given hydrocarbon in the liquid 
int kj/mole or 4582.3 abs kj/mole. or gaseous state, as indicated, from its elements, 
In table 3 are given, for the six C;H, alkyl- gaseous hydrogen and solid carbon (graphite), 
evelopentanes, values for the following: /7;—/1/,, at 25° C, 
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TaBLe 3. Heats of isomerization, combustion, and formation in the liquid and gaseous states 





Heat of isomerization, 


a bustion, — , 
H2—H®, at 25°C Heat of com ustion AHe’, | 


Heat of formation, AHf°, } 
at 25°C 





3 at 25° € 
Compound = | 4 - aime 
Liquid Gas Liquid Gas Liquid Gas 
\asntiindariainlnias : a ocuatenaiell 
keal/ mole keal/mole keal/ mole kcal/mole keal/ mole kcal/mole 
Ethyicyclopentane : 0.00 0. 00 1097. +. 22 1106, 23+. 23 —39. 08+. 24 —30. 35+. 25 
1,1-Dimethyleyclopentane —2. 064.12 —2. 70+. 12 1095.444.25 | 1108. 4. 26 —41. 14+. 27 —33.054.28 | 
cis-1,2- Dimethyleyclopentane —0. 444. 0 0.61.20 1097.08.30 1105. 624.30 —39.52-4.31 | —30.96-4.32 | 
trans-1,2-Dimethyleyclopentane —1. 864. 16 | —2. 32+. 16 1095. 644. 27 1103. 91+. 28 —40.9%+.29 | —32.674.30 | 
cis-1,3- Dimethyleyclopentane —Lilt. 24 —1. +. 24 1096. 39+. 33 1104. 65+. 33 —40.194.34 —31.%+4.35 | | 
trans-1,3-Dimethyleyclopentante dnminne —1.600+.14 —2 124.4 1095. 99+. 26 1104. 11+. 27 — 40. 68+. 28 —32. 47+. 29 





The heat of isomerization, H;—H), in the liquid 
state at 25° C was taken as equal to the difference 
(—Al°),—(—AU?®), between each isomer and 
ethyleyclopentane, in the heats of combustion 
in the ideal bomb process at 28° C, since for 
these isomers the conversion to the constant- 
pressure process and to 25° C will be the same, 
well within the limits of uncertainty assigned to the 
values. 

The heats of isomerization, H; —H;, in the gas- 
eous state, were obtained from the values in the 
liquid state by use of the following values for the 
difference in the heat of vaporization of each 
isomer to that of ethyleyclopentane [2], in 
keal/mole: Ethyleyclopentane, 0.00; 1,1-dimethyl- 
cyclopentane, 0.64; cis-1,2-dimethyleyclopentane, 
0.17; trans-1,2-dimethyleyclopentane, 0.46; cis- 
1,3-dimethyleyclopentane, 0.47 ; trans-1,3-dimethyl- 
cyclopentane, 0.52. 

The value of the heat of combustion or forma- 
tion of a given isomer was obtained by appropri- 
ately combining the heat of isomerization with 
the heat of combustion or formation of ethyl- 
cyclopentane as given by the following values 
from references [13, 14, 15]: 


C;H,,(ethyleyelopentane, liquid) +21/20,(gas) = 
7CO,(gas) +7H,O(liquid). 
AIT? so, 49 = — 1097.50 + 0.22 keal/mole. 
CH, (ethyleyelopentane, gas)+21/20,(gas) = 
7CO,(gas) +7H,O liquid). 


AIT? x96 46 = — 1106.23 + 0.28 keal/mole. 


7C (solid, graphite) +7H,(gas) = C;H,,(ethyleyelo- 


pentane, liquid). 


254 


AFD? x9. 19 = —39.08 + 0.24 keal/mole. 


7C(solid, graphite) +7H,(gas) =C;H,,(ethyleyelo- 
pentane, gas). : 


ATT x95. p= — 30.35 + 0.25 keal/mole. 


All the uncertainties assigned to the experi- 
mental quantities in table 2 (except the heats of 
combustion and formation) are equal to twice the 
standard deviation of the mean. The uncer- 
tainties assigned to the values of the heats of 
combustion and formation were obtained by com- 
bining [7] -the uncertainty in the values of the 
heats of combustion and formation of ethyleyclo- 
pentane [14], with the uncertainties in the values 
of the heats of isomerization. The uncertainty 
to be assigned to the value of the heat of isomeri- 
zation of any one of the isomers into any other one 
may conservatively be taken as + 0.25 keal/mole. 
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Surface Available to Nitrogen in Hydrated 
Portland Cements 
By Raymond L. Blaine and Harold J. Valis 


Measurements were made of the adsorption of nitrogen, oxygen, and argon at or near 


the boiling point of the adsorbate on samples of hydrated portland cement. 


Surface-area 


values calculated on the basis of the Brunauer-Emmett-Teller theory indicated an increase 


in surface available to nitrogen with age of test specimens when a high water-cement ratio 


was used in preparing the paste but not when a low water-cement ratio was used. Tempera- 
ture of storage and type of moist storage made little difference in the apparent surface avail~ 


able to nitrogen. Surface values calculated from the No, Oo, and A isotherms were much 


smaller than those previously reported, which were calculated from the adsorption of 


water vapor. 


I. Introduction 


The low-temperature adsorption test, in which 
nitrogen or another inert gas is adsorbed at or 
near the boiling point of the gas, has been used 
for a number of years as a measure of the surface 
areas of particulate materials [1].! It is also used 
to measure the internal surface of porous mate- 
rials, that is, the surface of pores large enough for 
the gas molecule to enter [2]. Hydrated portland 
cement paste is a porous solid, as evidenced by 
water permeability and water absorption measure- 
ments [3]. However, different cements and dif- 
ferent quantities of mixing water used in making 
the neat paste, as well as different curing condi- 
tions, result in different pore structures in the 
hydrated specimens [4]. Furthermore, there is 
evidence that changes take place in the pore 
structure and crystal form as a cement continues 
to hydrate [5]. 

Powers and Brownyard [6] made studies of the 
internal surface areas of hydrated portland cement 
pastes by using water vapor as the adsorbate. 
In the present study it seemed desirable to use a 
vas that would be less reactive with the cement 
constituents, in order to measure the internal 


Figures in brackets indicate the literature references at the end of this 
wT 


Surface of Hydrated Portland Cement 


surface areas of the partially hydrated portland 
cement pastes. 

The purpose of this study was to determine 
some of the variables of the nitrogen adsorption 
method, the applicability of the low-temperature 
adsorption method to the study of hydrated 
cements, and the precision of the test method. 
It was also desired to determine the effect of 
various factors such as storage, age, and water- 
cement ratio of hydrated paste on the surface 
areas available to nitrogen. 


II. Scope 


In the low-temperature adsorption test it is 
necessary to evacuate the sample in order to clear 
the surfaces of adsorbed or absorbed molecules. 
Ordinarily this is done at a temperature of 200° 
to 400° C. However, compounds having water 
of crystallization, such as are found in hydrated 
portland cement, may lose this water at such 
temperatures. It was necessary, therefore, to 
evacuate the samples at various temperatures in 
order to determine the effect of the temperature 
of evacuation on the calculated surface values. 
Thermal analyses were also made of the granu- 
lated pastes evacuated at different temperatures. 
In the preliminary tests the effect of size upon 
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apparent surface area was investigated to deter- 
mine whether the by 2-in. specimens could be 
tested whole or had to be broken up into granules, 
and what size of granules would be required. 

It was not practicable to make duplicate deter- 
minations in all cases. However, determinations 
were made on five specimens prepared on differ- 
ent days, in which an attempt was made to keep 
all variables constant in order to obtain data on 
the reproducibility of the surface values obtained. 

Although the surface area calculations are 
based on the portion of the adsorption curve 
between partial pressures of 0.05 and 0.30, the 
nature of the entire adsorption and desorption 
curve is of importance in interpreting some of the 
results. The complete adsorption isotherm was 
determined for only one sample in this series. 
This isotherm was similar to others previously 
determined for cement pastes in this laboratory; 
hence most isotherms were determined only to a 
partial pressure of 0.5. Most of the determina- 
tions were made by using nitrogen as the adsor- 
bate; a few tests were made using argon and 
oxyvgen. 

Measurements were made to determine the 
effect of the water-cement ratio used in preparing 
the neat paste, the type of storage (moist air or 
water), and the temperature and time of storage 
on the surface area available to nitrogen. Most 
of the tests were made by using one cement; a 
few were made with other cements. 


III. Materials and Methods of Test 


The portland cement used for the majority of 
the tests in this investigation met the require- 
ments for Type I cement of Federal Specification 
SS-C-191b. A few surface area determinations 
were also made on specimens of the high-early 
strength and type Ll cements used in the ASTM, 
C-1 cooperative investigation (1948). 

Cement pastes were made by using water- 
cement ratios of 0.25, 0.40, and 0.55 by weight. 
The cement and water were mixed in a beaker for 
5 min by means of a spatula. The paste was 
then poured into paraffin-lined brass molds, 's in. 
in diameter and 2 in. deep. The brass mold was 
sealed to a brass plate with rosin-paraffin mixture 
previous to filling with the paste. The mold with 
paste was stored in moist air for the first 24 hrs. 
For the 21° C. storage, the 90-percent relative 
humidity moist cabinet ordinarily used in cement 
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testing was used. For the 5° C. storage, the 
mold containing the specimens was stored in 4 
tight jar containing a small quantity of distilled 
water, which was immersed in a constant-tempera- 
ture bath maintained at 5.0°+0.5° C, 

A similar procedure was used for the 38° © 
storage, except that the jar with mold was placed 
in an oven maintained at 38° +1° C. After 24 
hrs, the specimens were removed from the molds, 
stripped of any adhering paraffin and stored either 
at 5°, 21°, or 38° C over distilled water in closed 
containers or in water in the regular cement- 
specimen storage tank maintained at 21° + 1° C 

Twenty-four hours after casting, some specimens 
were broken to granules in a mortar. These gran- 
ules were sieved, the 10-20 mesh material being 
saved for some specimens. For others, the 20-50 
mesh or the 50-100 mesh materials were saved for 
test. Additional specimens were broken into 
granules and sieved after specified periods of 
storage immediately before test. 

Specimens were sealed into sample holders at 
1, 3, 7, 28, and 84 days after casting. The 
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samples were immediately evacuated, and the 
adsorption tests were made the following day. 
The coating formed on water-stored specimens 
was scraped off before test. 

A piece of closed-off glass tubing was placed 
between the specimen and the top seal to prevent 
drying of the specimen in the sealing operation 
see fig. 1). The sample was then evacuated to 
less than | mm Hg at room temperature for ap- 
proximately 6 hrs by means of a mechanical 
vacuum pump. The specimen holder was then 
attached to the adsorption apparatus and evacu- 
ated by means of a mercury diffusion pump for 
a period of approximately 16 hr. The vacuum 
attained in the system was of the order of 1 10-° 
mm of mercury as measured by means of a 
MeLeod gage. 
sumple container after attaching it to the ap- 
paratus for the tests in which the sample was 
evacuated at 100° to 110° C or 200° to 210° C. 

Specimens were weighed before sealing into the 


An oven was placed around the 


sample containers. In order to determine the 
loss of water, the sealed specimen holder with 
sample was weighed before evacuation and again 
immediately after the adsorption test. The orig- 
inal weight of the sample minus the loss during 
evacuation was taken as the basis for computing 
the surface area per gram and also for comput- 
ing the loss of water in evacuation. Ordinarily 
the specimen tested had a dry weight of 7 to 10 
g depending, in part at least, on the water-cement 
ratio used in the original paste. 

The apparatus used for determining the adsorp- 
tion isotherm was of the volumetric type, which 
has previously been described [1]. The volume of 
the sample bulb not occupied by the solid portion 
of the sample was determined by means of helium, 
which had been passed over activated charcoal in 
a liquid nitrogen bath just before admission to the 
adsorption apparatus. The volume of helium ad- 
mitted was determined from four pressure-volume 
measurements. Four additional pressure-volume 
measurements were made with the helium to de- 
termine the volume of the sample bulb not occu- 
pied by the solid. This calibration was made with 
the sample bulb immersed in liquid nitrogen or 
oxygen, depending on the gas to be adsorbed. 
After the helium calibration, the sample was evac- 
uated for 2 hrs at room temperature. 

Water-pumped tank nitrogen purified by pas- 
magnesium perchlorate, chabasite, 


sage over 
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copper turnings at 400° C and then through 
magnesium perchlorate immediately before ad- 
mission to the apparatus was used for the adsorp- 
tion measurements with most samples. The nitro- 
gen entering the adsorption apparatus was allowed 
to come to room temperature, and its volume was 
determined after which the nitrogen was admitted 
to the sample bulb. After equilibrium had been 
attained (usually in about 20 min but at times 
longer than 1 hr), the volume of nitrogen not 
adsorbed was determined. Additional nitrogen 
was then added either from the burette system or 
from the tank, and the above process was repeated. 
All volumes were calculated on the basis of the 
volume at 0° C and 760 mm mercury pressure. 
Corrections were made for density of the mercury 


in the manometers, the changes in scales with 
temperature, and for the ‘“‘nonideal” behavior of 
the gas in the dead space around the sample. 

Five or more values at partial pressures between 
0.05 and 0.35 on the adsorption isotherm were 
determined for each of the samples. Additional 
values were obtained up to partial pressures of 0.5 
to 0.7 on most of the samples, and on one sample 
the adsorption curve was obtained to above 0.9 
partial pressure, after which desorption values 
were obtained. 

The vapor pressure of the adsorbate was deter- 
mined from the condensed adsorbate in a vapor 
pressure bulb in the bath alongside the sample 
(see fig. 1). The glass tube leading from the bulb 
to the manometer was jacketed with a larger tube 
in order to measure the vapor pressure near the 
adsorption bulb rather than at the surface of the 
bath, which may be slightly cooler than the 
sample. 

Oxygen gas was used as the adsorbate on one 
sample, using a liquid oxygen bath. Argon was 
used as the adsorbate on one sample using a 
liquid oxygen bath and on another sample using 
a liquid nitrogen bath. 

Surface areas of all samples were evaluated by 
means of the BET equation [7] as follows: 


P l (C—1)P 
ViP,—P) ~V,07T VCP,’ 
where 
P pressure of adsorbate, 


P,.=vapor pressure of adsorbate at temperature 
of bath, 
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\= volume of gas adsorbed (standard tempera- 
ture and pressure) at pressure P, 
V,, = volume of gas required for monolayer, 
C=ke exponential (F,—E,)/RT, 
ka constant, 
fF, =heat of adsorption, 
“1 heat of liquefaction, 
R=gas constant, 


T=absolute temperature. 


P/V(P,—P) was plotted against the partial 
pressure P/Po. The slope and intercept of a line 
drawn through the points on the graph between 
partial pressures of 0.05 and 0.30 were used to 
evaluate V,, and C. The area on the surface 
oceupied by each molecule corresponds with those 
calculated by Emmett [1] from the liquid or solid 
density, molecular weight, and Avogadro's num- 
ber. The values for area occupied by each mole- 
cule as used for the surface area calculations were 
as follows: No, 16.2 sq A; Oy, 14.1 sq A; argon at 
liquid-nitrogen temperature, 12.8 sq A and at 
liquid-oxygen temperature, 14.4 sq A. 

In order to study the pore diameters of the 
hydrated specimens, isotherms were calculated 
on the basis of the V, and C values obtained for 
the particular samples [7]. Various values of n 
were substituted in the following equation and 
calculated 
on the adsorption isotherm. 


these isotherms were superimposed 


Vv V,.Cr 1—(n+ 1)2"+ nxt 
I—z 1+ (e—1)zr—er“*" 
where 
n=maximum number of layers that can be 
adsorbed on the walls of the capillary, 
r=P/P», 

VC, and V,, are the same as in the previous 
equation, 

The values reported are the results of single 
In order to determine the pre- 
cision of the test results, five determinations were 
made in which the water-cement ratio, curing 
conditions, age, and temperature of evacuation 
These five determina- 
tions were made on different days over a period 


determinations. 


were nominally constant. 


of about 3 months during the period when most of 
the other tests were made. 
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IV. Results of Tests 


1. Effect of Temperature of Evacuation 


The effect of the temperature of evacuation on 
the apparent surface was determined on both the 
- by 2-in. specimens and on the 10-20 mesh 
granules. A water-cement ratio of 0.55 was used 
in preparing the pastes. The granules were 
prepared at 24 hr, and the granules and whole 
specimens were stored in moist air at 21° C until 
tested at 7 days. The values of surface areas 
available to nitrogen, calculated on the basis of 
the weight of the evacuated specimens, are 
presented in the tabulation below. Presented 
also are the amounts of water removed from the 
specimens expressed as a percentage of the weight 
of the evacuated sample. 


10-20 mesh 


'4- by 2-in. specimens 
. granules 


Temperature of | g ¢ | Water ¢ | Water 
pn Surface loss Surface loss 
| 
ty me) g by / mesg | % 
25 | 145 20. 9 20. 3 25. 4 
100 .| * 25.9 * 30.7 33. 2 30. 0 
200 27. 9 32. 9 35. 7 33.5 


* Average of 5 determinations. 


It is apparent from this table that the higher 
the temperature of evacuation the greater is the 
amount of surface available to nitrogen. The 
amount of water removed from the specimens also 
increased with increased temperature of evacua- 
tion. Inasmuch as the surface area values were 
calculated on the basis of the weight of the speci- 
mens after evacuation, these values are not on a 
comparable basis as far as the actual cement 
A better 
basis of comparison would probably have been the 
actual cement content or the ignited weight of the 
sumples tested. This was not apparent at the 
time of test, but is suggested for further studies. 
Although the values determined after evacuation 
at 200° C were greater by a significant amount 
than the values determined after evacuation at 
100° C, the difference was small as compared to 
the difference between the 25° and 100° C evacua- 
tions. Because of this, the remaining samples 
were evacuated at 100° to 110° C after the pre- 


content of the specimens is concerned. 
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ji ainary evacuation at room temperature to take 
out most of the water. Evacuation at 100° C is, 
however, quite arbitrary, and different surface 
area Values are obtained at different temperatures 
of evacuation. 

Thermal analyses made of granulated samples 
evacuated at approximately 25°, 100°, and 200° C 
indicated a loss of water of crystallization with 
samples evacuated at both 100° and 200° C. 
Nearly as much loss of water occurred during the 
100° C evacuation as during the 200° C evacua- 
tion. 


2. Effect of Size of Test Specimens 


It may be noted in the tabulation on page 260 
that the 10-20 mesh granules had greater higher 
values for surface area than the whole specimens 
(solid cylinders) at each of the temperatures of 
evacuation. By using the same water-cement 
ratio and storage as in the previous tests, 20-50 
and 50-100 mesh granules were prepared at 1 day 
and tested at 7 days to determine the effect of 
size of specimens. The samples were evacuated at 
100° to 110°C. The values obtained for surface 
area available to nitrogen and the quantity of 
water removed in evacuation are presented in the 
tabulation below. Also included in this table are 
the results obtained with the \s- by 2-in. specimens 
and ‘s- by 2-in. specimens made with a \-in. core, 
which was removed at the time of initial set, 
leaving a hollow cylinder. 


Type of specimen Surface — 

mig Ge 
Solid cylinder _ a 25. 9 ® 32.7 
Hollow cylinder » 26. 0 » 30. 4 
Crushed to 10-20 mesh 33. 2 30. 0 
Crushed to 20-50 mesh 20.0 26. 2 
Crushed to 50-100 mesh 20. 4 17.3 


* Average of 5 determinations 
> Average of 2 determinations, 


One would expect that breaking the specimens 
into granules would not only make the interior 
surface more readily available but would also 
create new surface in those instances where crys- 
tals are fractured. The 10-20 and 20-50 mesh 
vranulated materials had higher surface area 

ilues than did the whole specimens but there was 
ul apparent decrease in surface with decrease in 
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Figure 2. Relation of surface area to water removed during 
evacuation at various temperatures. 


Whole specimens and granules were made by using a water-cement ratio 
of 0.55 and were moist-air cured for 7 days. A, Granules evacuated at 100° C; 
B, whole specimen. 


size of granules. The relation of the apparent sur- 
face area to the percentage of water loss of the 
different size granules is presented in figure 2. 
Presented also in this figure are the data from the 
tabulation on page 260 showing the relation of the 
surface area of the whole specimens, evacuated at 
different temperatures, to the water loss. Other 
tests made on granulated samples are reported 
under the section on autogenous healing. 

There was no great difference observed in the 
rate of adsorption of the granulated and the whole 
specimens. Inasmuch as the whole specimens ap- 
peared satisfactory from the standpoint of testing 
procedure and breaking the specimens to granules 
added another variable (that of the size of the 
granules), the remaining tests were made on whole 
specimens. 


3. Reproducibility 


Five ':- by 2-in. specimens were made on differ- 
ent days using a water-cement ratio of 0.55 and 
stored in moist air at 21° C. The age of the 
specimens at the start of the test was 7 days in 
each case, and the specimens were all evacuated 
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at 100° to 110°C. The surface areas determined 
for the specimens were as follows: 


a wane : : | Water | 
rest specimen number Surface im | 
m?/g q 
l 26. 24 34.0 
2 25. 51 20. 6 
3- 25. 58 32.7 
1 26. 20 32. 9 
5 26. 20 34.5 
Average ; .| 25 94 32. 7 
Standard deviation . : 0. 33 1.9 
Coefficient of variation, ©; ~~~ 1.3 5.8 


The observed differences may be caused by vari- 
ations in water-cement ratio, mixing of paste, 
storage of specimens, and evacuation of the speci- 
mens, as well as by errors in the testing procedure. 
Differences in surface-area values of less than 1 
mg (3 times the standard deviation) cannot 
therefore be considered significant for single de- 
terminations. The coefficient of variation of the 
percentage of water loss was 5.8 percent as com- 
pared to 1.3 percent for the surface values. A part 
of this variation may have been caused by the 
amount of evaporation occurring during the seal- 
ing operation, 


4. Adsorption Isotherm 


An isotherm obtained for the adsorption of nitro- 
gen on hydrated cement at the boiling tempera- 
ture of liquid nitrogen is illustrated in figure 3. 
This isotherm was obtained on a %- by 2-in. speci- 
men, 0.55 water-cement ratio, hydrated 7 days in 
moist air and evacuated at 100°C. The adsorp- 
tion curve is a type 2 isotherm as classified by 
Brunauer-Emmett-Teller (BET) [7]. The de- 
sorption portion of the curve indicates a slight 
hysteresis, as is commonly found with porous ad- 
sorbents. The hysteresis loop was closed at a 
partial pressure of slightly above 0.4, below which 
the adsorption and desorption curves coincide. 
Also presented in this figure are the calculated 
values of the number of layers that would cor- 
respond with the V,, and C values for this particu- 
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Figure 3. Adsorption and desorption isotherms obtained 
on whole specimen made with 0.55 water-cement ratio and 
moist-air cured for > days. 


Included are the calculated isotherms assuming various values for the 
number of molecular layers (N) that could be accommodated. ©, Adsorp- 
tion; ®, desorption. 


lar isotherm. It may be noted that the adsorption 
isotherm corresponds with a porous material per- 
mitting five layers of molecules up to a partial 
pressure of 0.5, after which the adsorption curve 
crosses the lines corresponding to six, seven, eight, 
and nine layers. Assuming 3.15 A as the diameter 
of the nitrogen molecule, the average pore diameter 
is of the order of 30 A, which corresponds very well 
with the 20 to 40 A reported by Powers and 
Brownyard, who used water vapor as adsorbate 


5. Use of Different Gases as Adsorbate 


The surface area calculated from the nitrogen 
isotherm on the cement paste hydrated for 7 
days is only about 26 m*/g, whereas Powers and 
Brownyard reported values on the order of 100 
mg when using water vapor as the adsorbate. 
Because of this difference, it seemed desirable to 
determine the surface area as measured by dif- 
ferent gases. Oxygen gas was adsorbed at liquid 
oxygen temperature, and argon gas was adsorbed 
at liquid oxygen and liquid-nitrogen temperatures 
Adsorption tests were made on 0.55 water-cement 
ratio, 7-day, 21° C, moist-air-cured whole speci- 
mens evacuated at 100° to 110°C. The surface 
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aca values calculated from the adsorption iso- 
therms are presented in the tabulation below. 


Area/ | Surface 
molecule area 


Temper- 


Adsorbate 
ature 


Cc sq A m?/g 
195 16. 2 25. 9 
183 14. 1 20.8 
195 14. 4 19. 4 
183 12.8 20. 7 


Although the values for surface area obtained 
with the use of oxygen and argon are somewhat 
lower than those obtained with the use of nitrogen, 
they are of the same order. The values are, how- 
ever, much lower than those obtained with water 


yapor. 


6. Effect of Water-Cement Ratio and Age of 
Test Specimens 


Specimens were made with water-cement ratios 
of 0.55, 0.40, and 0.25 and stored in moist air at 
21° C. The specimens were tested at 1, 3, 7, 28, 
and 84 days. All of these specimens were evacu- 
ated at 100° to 110° C. The results of these tests 
are presented in figure 4. Whereas the more 
porous paste (highest water-cement ratio) indi- 
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Fiaure 4. Surface area available to nitrogen of \4- by 2-in. 
specumens made with different water-cement ratios, cured 
n moist air at 21° C for different periods of time and 
‘ested at various ages. 
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Figure 5. Surface area available to nitrogen versus per- 
centage of water removed in evacuation of \s- by 2-in, 
specimens made with different 


moist-air cured and tested at various ages. 


water-cement ratios, 


. We=0.55; @, W/e=0.40; ©, w/e=0.25 


cates an increase in the surface available to 
nitrogen with age, the paste having the lowest 
water-cement ratio indicated a trend toward a 
decrease in surface available to nitrogen with age. 
The paste with an intermediate water-cement 
ratio had an apparent increase in surface up to 
7 days, after which no significant increase was 
obtained up to 84 days. 

The relation between the surface areas of these 
specimens and the percentage of water lost in 
The pastes 
ratios 


evacuation is presented in figure 5. 
made of the 0.40 and 0.55 water-cement 
indicated a trend of higher surface areas with 
lower percentages of water removed, as indicated 
by the dashed lines. Specimens tested at the 
same age are connected by lines and _ indicate 
different slopes at the different ages. 


7. Effect of Temperature of Hydration and Age 


Cement pastes of 0.55 water-cement ratio were 
allowed to hydrate in moist air at 5° and 38° C for 
comparison with the specimens stored at 21° C. 
Tests were made at 1, 3, 7, 28, and 84 days. All 


specimens were evacuated at 100° to 110° C. The 
results of tests are presented in figure 6. Although 


the specimens stored at 5° C 


difficulty was encountered in removing them from 


were so soft that 
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Ficure 6. Effect of curing temperature and age on surface 


area available to nitrogen of ‘.- by 2-in. specimens made 


with a water-cement ratio of O55 and cured in moist air. 


the molds, the surface was only slightly less at 1 
day than that of the specimens stored at 21° or 
38°C. The specimens stored at 38° C indicated 
only a slight increase in surface after 3 days, 
whereas the specimens stored at 5° and 21° C 
continued to increase in surface with age. The 
surface area vs percentage of water loss is shown 
in figure 11. 


8. Effect of Water and Moist Air Storage on 
Different Cements 


The 's- by 2-in. specimens of the type I cement 
made with 0.55 water-cement ratio were stored in 
water at 21° C after 24 hours in the moist cabinet, 
for comparison with the specimens stored con- 
tinuously in moist air. Specimens were also made 
of a type IL and a type IIL cement and stored in 
water and in moist air. Coatings formed on the 
water-stored specimens were seraped off before 
they were sealed in the specimen holders. All speci- 
mens were evacuated at 100° to 110° C after the 
preliminary evacuation at room temperature. A 
comparison of the values obtained for the different 
cements and storage conditions is presented in 
figures 7 and 8. At 28 and 84 days the water-cured 
specimens of the type 1 cement had appreciably 
greater surface areas available to nitrogen than did 
the respective moist-air stored specimens. 

The neat pastes made of the type II and the 
tvpe IIT cement with a water-cement ratio of 0.55 
and stored in moist air had greater surface area 
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Figure 7. 
specimens of type I cement made with 0.55 water-cement 


Surface area available to nitrogen of ‘2- by 2-in. 


ratio and cured in moist air or in water for various ages. 
. Moist-air storage , Water storage 

values at the respective ages than did the corre- 
sponding specimens made of the type I cement. 
The apparent surface of the 28-day, water-stored 
specimens of type IL and type II] cements was less 
than the respective moist-air stored specimens; 
however, the water-stored specimens of the type | 
cement had greater surface than did the moist-air 
cured specimens, at 28 days. 


9. Autogenous Healing 


In some tests made previous to the present 
study, normal and high-early-strength cement 
pastes of normal consistency (water-cement ratio 
approximately 0.23) were broken to 10-40 mesh 
at 24 hours and stored in moist air at 21° C. 
Surface area values were determined at various 
ages after evacuation at 200° C and are based on 
the weight of the evacuated granules. The results 
of tests are presented in figure 9. Although the 
results are somewhat erratic, there appears to be 
a definite decrease in surface available to nitrogen 
with age. This was believed to be caused by the 
autogenous healing of cracks or crevices in the 
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Picture & Surface area available to nitrogen of '2- by 2-in. 
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granules. However, in the present series of tests 
where specimens were broken at 1 day and tested 
at various ages and comparative specimens were 
granulated just previous to testing, there was no 
conclusive proof of autogenous healing with the 
higher water-cement ratio pastes. The results 
presented in figure 10 indicated that at two of the 
three ages the surface values obtained were not 
allected appreciably by the age at which the 
A second set of tests of 
values 


specimens were broken. 


2s-day specimens indicated the same 


within experimental error) as obtained with the 


first set of 28-day specimens. 
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FiIGureE 9. Efe ct of time of storage on surface available to 
nitrogen of granules of a normal portland a high-early- 
strength cement paste made with 0.23 water-cement ratio. 
The neat cement past was broken to granules at 1 day and stored in moist 
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V. Discussion 


The surface area of hydrated neat cement as 
measured by adsorption of nitrogen, oxygen, or 
argon was much lower than that reported by 
Powers and Brownyard |6], who used water vapor. 
Also, the desorption curve obtained with nitrogen 
did not have as large an hysteresis loop as did the 
curves obtained by Powers and Brownyard using 
water vapor. The water molecule is. slightly 
smaller than the nitrogen molecule, hence the 
additional surface as measured by the water mole- 
cules may have consisted of intererystalline spaces 
or pores too small for the nitrogen molecule to 
enter. Similar results have been obtained with 
montmorillonite [8], where the water molecule 
could apparently enter the space between the 
layers of mineral, whereas the larger molecules 
could not enter. The oxygen and argon mole- 
cules, which are smaller than the nitrogen mole- 
cule but larger than the water molecule, indicated 
less surface available to oxygen and argon than 
to nitrogen in the hydrated paste. Certain 
organic materials, such as paper [2] and textile 
fibers [9], also have greater surface areas available 
to water than to nitrogen. The apparent surface 
of paper and textile fibers available to nitrogen 
decreased with increased temperature of evacua- 
tion, whereas the hydrated cements showed the 
opposite effect. 

Loss of water of crystallization is usually accom- 
panied by an increase of surface area [10]. Certain 
of the compounds in hydrated portland cements 
may be expected to lose a portion of the water of 
crystallization on evacuation at 100° or 200° C, 
as carried out in this study. Although this evac- 
uation was more severe than that used by 
Powers and Brownyard, the surface-area values 
were lower. There was more surface available 
to nitrogen also a greater loss of water when the 
samples were evacuated at the higher tempera- 
tures. The additional water that was removed 
may have been water of crystallization. 

It appears then that the greater portion of the 
surface available to water vapor in hydrated 
cement pastes must consist essentially of pores 
smaller than 3.15 A, the diameter of the nitrogen 
molecule. 

Figure 11 indicates no consistent relation be- 
tween the percentage of water loss on evacuation 
and the surface available to nitrogen of pastes 
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Figure 11. 
percentage of water loss during evacuation of '2- by 2-in. 


Surface area available to nitrogen versus 


specimens made of type I cement with 0.55 water-cement 
ratio and stored in moist air at different temperatures until 
tested, 


>, 5° C storage; ©, 21° C storage; @, 38° C storage. 


made with the same water-cement ratio and 
cured at different temperatures. However, when 
different water-cement ratios were used in pre- 
paring the paste, as previously indicated in 
figure 5, or testing different cements of the same 
water-cement ratio, different values were ob- 
tained. 


VI. Summary 


Measurements of the internal surface of hy- 
drated portland cement neat pastes, computed 
on the basis of the BET theory from the amount 
of nitrogen adsorbed at the temperature of liquid 
nitrogen, indicate that: 

1. Higher surface values were obtained on 
specimens evacuated at the higher temperatures. 

2. The hydrated cement ground to pass a No. 
10 sieve and retained on a No. 20 sieve had 
higher surface values than did the whole speci- 
mens. 

3. The surface values of granulated specimens 
were lower for the smaller granules. 
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t. The surface values obtained by use of nitro- 
en at liquid nitrogen temperature were of the 
sume order as those obtained with oxygen at 
liguid oxygen temperature, and argon at liquid 
oxygen or liquid nitrogen temperatures. 

5. The surface available to nitrogen was much 
less than that previously reported as available 
to water molecules. 

6. The surface values increased with age for 
specimens made with high water-cement ratio 
but not when made with a low water-cement 
ratio. 

7. The surface values of specimens stored in 
moist air at 38° C were higher than those of 
specimens stored at 21° C up to 28 days. 

8. The surface values of specimens stored in 
moist air at 5° C were approximately the same at 
| day as were those stored at 21° or 38° C, but 
increased more slowly with age than did those 
stored at the higher temperatures. 

9. The surface values of a type I cement were 
higher at 28 days and 84 days after storage in 
water than after storage in moist air. 

10. The surface values of pastes made of a type 
Il and a type LLL cement were higher than those 
obtained with the type I cement neat paste at all 
ages of moist air storage. 

11. The surface values of the type IL and the 
type IIL cements were approximately the same 
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when stored in water as when stored in moist air, 
except at 84 days when the water-stored specimens 
had greater surface values. 

12. The pore diameter of the hydrated pastes 
was of the order of 30 angstroms. 
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Heat of Isomerization of the Two Butadienes 
By Edward J. Prosen, Frances W. Maron, and Frederick D. Rossini 


The heat of isomerization of 1,3-butadiene to 1,2-butadiene, in the gaseous state at 25° C 
was determined by measurement of the ratio of their heats of combustion in oxygen to 
form carbon dioxide and water. The combustion of the gaseous hydrocarbon occurred in 
a flame at constant pressure in a glass calorimetric reaction vessel of improved design. A 
complete description of the new calorimetric reaction vessel is given. 

The following experimental value is reported for the reaction of isomerization: 








1,2-butadiene: 


4C (solid, graphite) + 3H»2(gas) 


eS ee aa 


C,H,(1,2-butadiene, gas) 
AH® at 25° C 


I. Introduction 


This work, sponsored by the Office of Rubber 
Reserve, is part of a thermochemical investigation 
of monomeric compounds of importance in the 
national synthetic rubber program, and is also a 
part of the work of the thermochemical laboratory 
of this Bureau on the determination of the heats 
of formation of compounds of importance to 
industry and science. 

Calorimetric measurements have been made 
that yield a value for the difference in the heats 
of combustion at constant pressure of 1,3-buta- 
diene and 1,2-butadiene in the gaseous state at 
25° C. Combination of this value, which is the 
heat of isomerization in the gaseous state at 25° 
C, with the previously reported value for the 
heat of formation of 1,3-butadiene [1],’ yields 
values for the heats of formation and combustion 
of 1,2-butadiene. 


Il. Unit of Energy, Molecular Weights, 
Uncertainties 


The unit of energy upon which values reported 
in this paper are based is the absolute joule, 


' Figures in brackets indicate the literature references at the end of this 


Doper, 
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+ 5's Oo(gas) 
— 620.69 + 0.28 keal/mole. 


1,3-butadiene(gas) = 1,2-butadiene(gas), A//° at 25° C=12.78+ 0.16 keal/mole. 


Using the value for the heat of formation of 1,3-butadiene previously reported, the 
following calculated values are given for the reactions of formation and combustion of 


C,H,(1,2-butadiene, gas), AH® at 25° C=39.53 +0.28 
keal/mole. 


1COo(gas) + 3H,O (liquid), 


derived from mean solar seconds, and absolute 
ohms and volts, in terms of which certification of 
standard resistances and standard cells is made 
by this Bureau. For conversion to the con- 
ventional thermochemical calorie, the following 
relation [2,3] is used: 


1 calorie=4.1840 absolute joules. 


The atomic weights were taken as O=16.0000, 
H=1.0080, and C=12.010 from the 1947 table 
of international atomic weights [4]. 

The uncertainties assigned to the various quan- 
tities dealt with in this paper were dervied, where 
possible, by the method previously described [5). 


III. Method 


The aim of this investigation was to determine 
as precisely as possible the heat of isomerization 
of 1,3-butadiene (gas) to 1,2-butadiene (gas) at 
constant pressure and 25° C. This was done by 
determining the ratio of the heats of combustion 
of these isomers [6]. The value of the difference 
between this ratio and unity, multiplied by an 
accepted value for the heat of combustion of 
1,3-butadiene, gives the heat of isomerization of 
1,3-butadiene to 1.2-butadiene. In principle, the 
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ratio of the heats of combustion of these isomers 
was determined as the inverse ratio of the masses 
of carbon dioxide, whose formation in the com- 
bustion of the respective isomers produced identi- 
cal increases in temperature in the standard 
calorimeter system, measured as increases in 
resistance of the platinum resistance thermometer 
as determined on the given resistance bridge. 
With this procedure, the energy equivalent of the 
calorimeter system or the heat of combustion of 
one of the isomers need be known only approxi- 
mately, and other systematic errors tend to 
cancel out. 

The method of reducing the experimental 
observations was as follows: Let 


AR.=the corrected increase in temperature of 
the calorimeter system, expressed as the 
increase in resistance in ohms of the 
given platinum thermometer at a mean 
temperature of 25° C, as measured with 
the given resistance bridge; 

Moo,= the mass of carbon dioxide formed in the 
combustion of the hydrocarbon, in 
grams; 

k,the energy equivalent, over the ‘ stand- 
ard” interval of temperature, of the 
“standard” calorimeter system, obtained 
as the ratio of a given quantity of 
electric energy to the value of AR, 
produced by it, expressed as joules per 
ohm; 


‘ 


q: the energy introduced into the calorimeter 
in the “ignition” process, consisting of 
sparking, igniting the flame, and ex- 
tinguishing the flame, but not including 
any part of the heat of combustion, 
expressed in joules; 

d_— the energy introduced into the calorimeter 
by gases entering or leaving at a tem- 
perature different from 25° C. 

qe the energy (negative) introduced into the 
calorimeter by the process of evaporat- 
ing such water as leaves or remains in 
the calorimeter in the gaseous state. 

de— the energy introduced into the calorimeter 
by the “standard calorimetric process” 
of combustion. 


The total energy, g, introduced into the calo- 
rimeter by the actual combustion process in an 
experiment is 
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d= BAR. =e+ det he + Vi 1) 
Letting 


B fe (9 


n E, Mic 205 


we obtain the following relation from which B js 
calculated for any given experiment: 


AR. (Get4e+40) 
B: eed [ ~~ E,AR. | ss 


For any two isomers, the ratio of the heats 
evolved per gram of carbon dioxide is equal to 
the ratio of their heats of combustion per mole. 
If the subscripts a and 6 refer to 1,3-butadiene 
and 1,2-butadiene, respectively, and —A//e° is 
the heat evolved in the standard combustion of 
one mole of the hydrocarbon, then 


B,/B,=(—AHe°),/(—AHe°),, j 


and 


(—AHc°),— (—AHe°),= (— AHe°) (1 — B,/ B,). 


For the reaction of isomerization, 


1, 3-butadiene (gas) = 1, 2-butadiene (gas), (6) 


the standard heat of isomerization is 
A/H?® (isomerization) = —(—AHe°),(1—B,/B,). (7 


It may be seen from eq 3 and 7 that the heat of 
isomerization derived by this procedure is not 
sensitive to the value of /, or of (—AHe°),. The 
total amount of energy in one experiment is about 
60,000 j, and the largest variation in the value 
of det det: is about 150 j. Therefore, an error 
of 1 percent in the value of /,, used in eq 3, would 
cause an error of not more than 0.002 percent in 
the value of B,/B,. This corresponds to an error 
of 0.01 keal/mole in the value of A/7° (isomeriza- 
tion). Similarly, an error of 0.1 percent in the 
value of (—AHc°), used in eq 5 would cause an 
error of 0.01 keal/mole in the value of A/T®° (iso- 
merization). 


IV. Apparatus 


1. Calorimeter Assembly and Thermometric 
System 


The calorimeter assembly used in this investi- 
gation was similar to that used in other investiga- 
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tions in this laboratory |[6, 7], with some improve- 
ments added. The jacket of the calorimeter was 
maintained near 27.00° C, at a temperature 
constant within +0.002° C, by means of an 
gutomatic regulator. In all experiments, the 
calorimeter uniformly contained 3627.56 +0.02 
v of water, together with the stirrer, platinum 
resistanice thermometer, calorimeter heater, and 
the glass reaction vessel with its metal support. 
The stirrer was operated at a substantially con- 
stant speed of 276 rpm with a belt drive from a 
synchronous motor. 

The calorimeter heater consisted of about 65 
ohms of enameled constantan resistance wire, No. 
30 AWG, wound on a Pizein-coated, thin, copper 
evlinder, the whole covered with Pizein [7]. 

The thermometer system consisted of a platinum 
resistance thermometer No. 262,214 and Mueller 
resistance bridge No. 404 [S]. 


2. Reaction Vessel 


\n improved glass reaction vessel was designed 
and made for this and subsequent investigations 
involving combustions in a flame at constant 
pressure. The new reaction vessel is shown in 
figure 1. 

In the combustion of hydrocarbons other than 
methane and ethane ina flame in a glass reaction 
vessel, it is necessary to mix some “primary”’ 
oxygen with the combustible gas before it reaches 
the flame, in order to prevent deposition of un- 
burned carbon in the burner tube. For a given 
rate of flow of the combustible gas, the flame 
velocity is required to be such that the flame will 
neither flash back inside the burner tube, nor 
blow off from the burner tip. For a given com- 
bustible gas burning in an atmosphere of oxygen, 
the position of the flame at the burner tip is 
determined largely by the amount of “primary” 
oxygen mixed with the combustible gas. In the 
previous design of reaction vessel [7], the admixture 
of primary oxygen was determined largely by the 
size of the Bunsen openings at the base of the 
burner tip. The size of the Bunsen openings 
could be changed only by cutting the reaction 
vessel apart. As changes were always required 
for different types of hydrocarbons, this was a 
cumbersome arrangement. In the new design, 
the primary oxygen is introduced through a sep- 
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Figure 1. Diagram of the reaction vessel. 
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arate line, and the fraction of primary oxygen in 
the combustible mixture reaching the flame at the 
burner tip is easily controlled by regulating sep- 
arately the rate of flow of the combustible gas 
and of the oxygen. 

In the present investigation, a rate of flow of 
butadiene equal to 29 ml/min (or 0.0012 mole/min) 
was found to be satisfactory. The primary oxygen 
was adjusted to produce a blue flame with a sharp 
inner cone. The primary oxygen supplied about 
30 percent of the oxygen requried for complete 
combustion of the hydrocarbon. The total oxygen 
(primary plus secondary) was about 150 percent 
of that required for complete combustion. (In 
order to avoid possible damage to the glass reaction 
vessel, preliminary tests of the amount of primary 
oxygen required for the satisfactory combustion 
of a given hydrocarbon, at given rates of flow, were 
made with a similar burner tube made of brass 
and provided with a glass chimney.) 

The method of operation of the new reaction 
vessel is as follows: The hydrocarbon enters 
through inlet tube A, the primary oxygen through 
B, and the secondary oxygen through (. The 
hydrocarbon and primary oxygen mix in the 
chamber F and emerge through a hole (about 
0.5 mm diameter) in the quartz tip @. Sparking 
across the platinum wires //, above the tip, ignites 
the mixture, which burns ina steady flame in the at- 
mosphere of secondary oxygen supplied through the 
inlet C. One of the platinum wires enters through 
the secondary oxygen inlet tube C; the other is 
grounded to the calorimeter can. The gap between 
the platinum wires is about 3 mm. The gaseous 
products of combustion leave the combustion 
chamber at the top, are cooled to the temperature 
of the calorimeter in their passage through the 
glass spiral /, and leave the calorimeter through 
the outlet 2. Most of the water vapor condenses 
to liquid, which collects at the bottom of the 
vessel at J, or in the bulb A, at the bottom of the 
spiral. The vessel is constructed to come apart 
at the joint ZL, to facilitate adjusting the spark 
gap and cleaning the vessel. 


3. Sparking System 


A new sparking system was assembled for this 
investigation. It consisted of a high-tension coil 
(Deleo-Remy 538-2), a condenser having a capac- 
ity of 0.2 microfarad, and breaker points operated 
by a hexagonal cam driven by a synchronous motor 


272 


having a speed of 1,800 rpm. Four dry cel.s 
were used as a source of energy. The spark gap 
at the burner tip was about 3 mm, and the norm»! 
time of sparking was 15 see. 


V. Chemical Procedure 
1. Source and Purity of the Butadienes 


The sample of 1,3-butadiene used was from a 
lot of 1,3-butadiene labeled Research Grade, 
Phillips Petroleum Co. The purity of this ma- 
terial, sampled from the vapor phase, was de- 
termined by measurements of freezing points by 
A. R. Glasgow, Jr. to be 99.83+0.06 mole 
percent [9]. 

The 1,2-butadiene used was a sample from the 
API-NBS series of highly purified hydrocarbons, 
which are being prepared through a cooperative 
undertaking of the American Petroleum Institute 
and the National Bureau of Standards. It was 
made available through the American Petroleum 
Institute Research Project 44 at the National 
Bureau of Standards on “Data on properties of 
hydrocarbons” and was purified at the National 
Bureau of Standards by the American Petroleum 
Institute Research Project 6 on the “Analysis, 
purification, and properties of hydrocarbons”’ 
from material supplied by the Standard Oil 
Development Co. through W. J. Sweeney. A 
complete description of the purification and 
purity of this compound is given by Streiff, 
Murphy, Zimmerman, Soule, Sedlak, Willingham, 
and Rossini [10], who reported the purity by 
measurement of freezing points, to be 99.94+ 
0.05 mole percent. 

It is caleulated that in the extreme case, the heat 
of combustion would be affected by less than the 
following amounts because of the impurities: 0.012 
percent for impurities in 1,3-butadiene; and 0.003 
percent for impurities in 1,2-butadiene. 

The butadiene was withdrawn in the vapor 
phase from its container, passed through a tube of 
anhydrous calcium sulfate followed by a small 
amount of anhydrous magnesium perchlorate to 
remove traces of water, and fed directly into the 
reaction vessel in the calorimeter for the 
combustion, 


2. Purification of the Oxygen Used for Combustion 


The oxygen used for combustion, including both 
the primary and secondary streams, was commer- 
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cial oxygen that was freed of combustible impuri- 
ties by passage through copper oxide at about 
550° C. The oxygen in both lines was freed of 
carbon dioxide and water before entering the calor- 
imeter by through tubes containing, 
successively, ascarite, magnesium perchlorate, and 
phosphorus pentoxide. 


passage 


3. Purity of the Reaction of Combustion 


As a check on the purity of the reaction of com- 
bustion, both the water and carbon dioxide formed 
in the combustion were collected and the masses 
determined for each experiment. In eight com- 
bustion experiments with 1,3-butadiene, the mean 
value of the ratio, r, of one-fourth of the number 
of moles of carbon dioxide to one-third of the 
number of moles of water, was found to be 1.00024, 
with a standard deviation of +0.00022. Simi- 
larly for six experiments with 1,2-butadiene, the 
mean value of r was found to be 0.99994, with a 
standard deviation of +0.00019. 

Samples of the products of combustion were 
analyzed for carbon monoxide by the Gas Chem- 
istry Section of this Bureau [11]. In no case was 
the total amount of carbon monoxide greater than 
0.004 percent of the amount of carbon dioxide 
formed in the combustion. 

The effect of any possible incomplete combus- 
tion during the ignition or extinction of the flame 
was eliminated by the procedure, described below, 
of determining the “ignition” energy in separate 
experiments in which the flame was allowed to 
burn only long enough to produce a steady flame, 
and then was extinguished. With this procedure, 
the heat of combustion was in reality determined 
from the portion of the combustion when the 
flame was in a steady state, any constant errors 
associated with the ignition and extinction of the 
flame cancelling out. 


4. Determination of the Amount of Reaction 


For each calorimetric combustion experiment, 
the amount of reaction was determined from the 
mass of carbon dioxide formed, taking 1 mole or 
44.010 ¢ of carbon dioxide as equivalent to one- 
fourth mole of butadiene. 


VI. Calorimetric Procedure 
1. Calorimetric Combustion Experiments 


The following procedure was followed in pre- 
paring the calorimeter for all experiments: The 
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calorimeter jacket was brought to temperature, 
near 27.00° C, where it was automatically main- 
tained constant, within about +0.002° C, through- 
out the whole experiment. The standard mass of 
water, 3627.56 +0.02 g, was weighed into the 
calorimeter can on the pan of a 5-kg balance, 
having a sensitivity at this load of 0.008 g per 
scale division, using the same weights in all experi- 
ments. The calorimeter can was placed in the 
calorimeter jacket, the dry reaction vessel with 
the heater around it was lowered into the can, the 
cover was placed on the can, the jacket was 
covered, the stirrer was connected, and the plati- 
num resistance thermometer inserted into the 
calorimeter can through the hole in the jacket 
cover. The hydrocarbon and primary and second- 
ary oxygen lines were connected to the reaction 
vessel through flexible glass spirals. The weighed 
absorption tubes for water and carbon dioxide, a 
guard tube containing magnesium perchlorate 
and ascarite, a sampling bulb, and a flowmeter 
were connected to the outlet side of the reaction 
vessel through a three-way stopcock near the 
vessel. This stopcock permitted oxygen to bypass 
the reaction vessel at the end of a combustion to 
flush any water and carbon dioxide in the lines 
into the absorption tubes. The calorimeter was 
brought to near the starting temperature by 
electrical heating, and a period of about 20 min 
was allowed for equilibrium to be established. 
The calorimetric observations were begun when 
the calorimeter reached the starting 
temperature. The standard temperature 
was about 4 degrees for the combustion experi- 
ments, and the final temperature was slightly 
below the jacket temperature. 

The calorimetric observations during an experi- 
ment consisted of: (a) a fore period of 20 min 


selected 


rise 


during which the reaction vessel, containing oxy- 
gen at atmospheric pressure, remained closed, and 
readings of the resistance of the platinum ther- 
mometer were taken every 2 min; (b) a “reaction” 
period during which the reaction took place, 
with a period allowed for equilibrium to be 
reestablished in the calorimeter, and during which 
readings o1 (he resistance of the platinum ther- 
mometer were taken about every 15 sec or every 
minute, depending on the shape of the time- 
temperature curve; and (c) an after period of 20 
min during which the reaction vessel remained 
closed, the calorimeter temperature was slightly 
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below the jacket temperature, and readings of 
the resistance of the platinum thermometer were 
taken every 2 min. 

The manipulation of the apparatus controlling 
the reaction during a combustion experiment was 
as follows: Before the calorimetric experiment, 
the two absorption tubes for water and carbon 
dioxide were flushed with hydrogen and weighed 
by a method previously described [12, 13, 141. 
The hydrocarbon inlet tube was flushed with 
helium to remove oxygen from this line and the 
rest of the reaction vessel then flushed and left 
filled with oxygen at atmospheric 
During the fore period, the rates of flow of the 
primary and secondary oxygen and gaseous hydro- 
were regulated through bypass flow- 
At the end of the fore period, the three- 
way stopeock outlet on the reaction vessel was 


pressure. 


earbon 
meters. 


opened to the absorption tubes, the primary and 
secondary streams of oxygen were turned into 
the vessel, the spark was turned on, and the 
hydrocarbon was then turned into the vessel. 
The sparking was continued for 15 see, or until 
the flame was started, as indicated by the flow- 
meter at the end of the line. The flame was 
allowed to burn until a final temperature slightly 
below the jacket temperature was reached, when 


the flame was extinguished by turning off the’ 


hydrocarbon. The time of combustion was 
usually about 22 min. The primary and secondary 
streams of oxygen were left on for an additional 
10 min and then cut off. 
was closed by setting the three-way stopcock at 
the outlet such that the oxygen would bypass 
the reaction vessel but would flow through the 
absorption tubes. Thus, all the water vapor not 
in the calorimetric reaction vessel was swept into 
the absorption tube. An additional period of 
about 6 min was allowed for equilibrium to be 
established before starting the after period. After 
the experiment, the absorption tube for water 


The reaction vessel 


was flushed with hydrogen and weighed to obtain 
the amount of water carried out of the calorimeter 
as vapor. The absorption tubes were replaced 
on the train and the reaction vessel flushed with 
oxygen overnight to carry all the water and carbon 
dixoide into the absorption tubes. Both tubes 
were then flushed with hydrogen and weighed. 
The mass of carbon dioxide produced was used 
to determine the amount of reaction, and the stoi- 
chiometric ratio of the masses of carbon dixoide 
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and water was used to check the purity of the 
reaction of combustion. 

The corrected increase in temperature of the 
calorimeter system, ARe, expressed as the increase 
in resistance in ohms of the given platinum ther- 
mometer at a mean temperature of 25° C, was 
taken as the difference in the resistance of the 
thermometer between the beginning of the after 
period and the end of the fore period, corrected 
for heat of stirring and thermal leakage [15}. 


2. Determination of the “Ignition’’ Energy 


Experiments to determine the energy associated 
with the ignition and extinetion of the flame 
(“ignition”’ energy experiments) were performed 
in the same manner as the regular combustion 
experiments, except that the flame was allowed 
to burn only long enough to be sure a steady flame 
was attained. The flame was usually left burning 
for about 40 seconds. The initial temperature in 
these experiments was a fraction of a degree below 
the jacket temperature, and the rise of temper- 
ature was about 0.1 deg. Experiments were also 
performed in which only sparking energy was 
added to the calorimeter. 

The mean value for the “ignition” 
which is the energy associated with the process of 


energy, 


ignition and extinction of the flame, but not in- 
cluding any part of the heat of combustion, 
obtained from seven experiments with 1,3-buta- 
diene and two experiments with 1,2-butadiene, 
with an average of 0.0005 mole of butadiene 
burned in each experiment, was found to be 33.1 j, 
with a standard deviation of +2.8 j. 


In sep- 
arate experiments in which no hydrocarbon was 
burned and sparking alone for the standard time 
occurred, the sparking energy Was found to be 
31.1) with a standard deviation of +0.8 j. In 
making these calculations, the value of /,, the 
standard energy equivalent, was taken as 154,446 
abs j/ohm., 

For the present experiments, the ignition energy 
for the standard time (15 sec) of sparking was 
taken as the weighted mean of the foregoing values, 
31.3 j with a standard deviation of 0.8 j. 


3. Reduction to the Standard Calorimetric Process 
The process that actually takes place in the 


calorimetric reaction vessel during a combustion 
experiment is the following: 
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nC, Hy( gas, 1 atm,t,)+- (mm, + m.+- m3)Oz 


(gas, | atm, t,)=[rCO,+ m.O0,+ 6H,0) 
(gas, Latm, f,,) + [m Q,.+-cH,O](gas, 1 atm,t,) 4 
(a—b—ec)H,O(liq, 1 atm, f,). (8) 


The energy evolved in this reaction and includ- 
ing the ignition energy is q=F,AR,. In the fore- 
voing equation, ¢, is the temperature of the room: 
f, and t, are the mean and final temperatures, 
respectively, of the calorimeter; » is the number 
of moles of hydrocarbon entering the calorimeter; 


(mn) +M2+ms) is the number of moles of oxygen 


= . 
, nis the number 


entering the calorimeter; m, 


of moles entering during the actual combustion 
period and being used in the combustion; mz, is 
the exeess number of moles entering during the 
actual combustion period and leaving the calorim- 
mixture with r=4n 
dioxide and 6 moles of water vapor; m, is the 


eter as a moles of carbon 
number of moles of oxygen entering the calorim- 
eter during the flushing immediately following the 
actual combustion period and leaving the calorim- 
eter as a mixture with ¢ moles of water vapor; 
a-b-c) is the number of moles of water left in the 
calorimeter in the liquid state; and a=3n is the 
total number of moles of water formed in the com- 
bustion. The quantity e¢ also includes avery 
small amount of water left in the calorimeter in 
the gaseous state. 

It is desirable to correct the results of each 
calorimetric experiment to a common basis for 
This can be done by adjusting all 
“standard calorimetric 


comparison, 
results to the basis of a 
process” defined by the equation 


nC, Hy(gas, 1 atm, ty;) + (m,+ m2)O, 
(gas, 1 atm, f,;) =[rCO,-+ m,O,](gas, 1 atm, f,;)4 
aH,O (liq, 1 atm, ty;) (9) 


The energy evolved in this reaction is q-. 
For the present experiments the various quan- 
tities have the values 
1] 11 


m, n, My n, r=4n, 


9 MN, Ma= 4 and a=3n. 


The difference between the energy, q.. evolved 


Heat of Isomerization 


in the standard calorimetric process expressed by 
eq 9, and that evolved in the actual calorimetric 
including the 
energy of ignition, is g.—4q (Get+Uet+Qi)- 

The energy associated with the adjustment of 
the composition of the carbon dioxide-oxygen 
mixture issuing from the calorimeter in the indi- 
vidual experiments to the average composition as 
expressed in the “standard calorimetric process”’ 
is negligible. The quantities gq, and q, were 
evaluated by the relations: 


process expressed by eq 8, but 


Ve C,[n(t,- ty;)] + 
C.,[m,(t,—ty;) + mz(t,—tp) 4 
C.[b(t.; Road ty)|4 


m;(t,—t,)] 4 


+ C(to; 


C,[(a—b—c) (t.;—t)] + C,[r(tes—tn I, 
q (b+ e){[AHe}; 
where C,=80.1, C,=29.4, C,;=33.6, C,=75.3, 


and C,=37.1 are the approximate heat capacities 
of butadiene(gas),oxygen(gas), H,O(gas), H,O(liq), 
and CO,(gas), respectively, in j/deg mole, and 
Allv 43,992 abs j mole is the heat of vaporization 
of water at 25° C and saturation pressure. 

To obtain the values of the standard heat of 
reaction, A/7°, from the standard calorimetric 
process indicated by eq 9, it is only necessary to 
take account of the change in heat content with 
pressure at constant temperature for each gas 
from its given pressure to zero pressure, so that 
each substance will have the heat content of the 
thermodynamic standard state. Since this cor- 
rection will not be significantly different for the 
two isomers, the ratio of the values of A// for the 
standard calorimetric process will also be the ratio 
of the values of A/7° for the standard thermody- 


namic process. 


VII. Results of the Present Investigation 


The results of the calorimetric combustion 
experiments for 1,3-butadiene and 1,2-butadiene 
are given in tables 1 and 2, respectively. For 
these calculations, the value of /,, the energy 
equivalent, was taken as approximately 154,446 


jiohm. The value of 4 were calculated from eq 3. 











TaB_e 1. 
Mass of 
| Experiment AR. carbon di- 
oxide 
Ohms g 
1 0. 388048 4. 17091 
2 SS1756 4.10179 
3 381025 4. 09487 
' 397671 4. 27280 
§ . SS4885 4. 13689 
in SO05S4 4. 19085 
7 391438 4. 292 
. _ STS484 4. O7076 


Mean 
Standard deviation of the mean 


TABLE 2. 


Mass of 
Experiment AR. carbon di- 
oxide 
Ohms g 
1 0. 384743 4. 04783 
2 SS0613 4. 00084 
3 SNS AGS 4.00171 
1 . 305315 1. 16322 
f 397521 4. 18337 
iO . 388279 4. OSS20 
Mean 


Standard deviation of the mean 


From these data, the ratio of the heat of com- 
bustion of 1,2-butadiene to that of 1,3-butadiene is 
B,/ B, = 1.021029 + 0.000256. 

(14) 


(—AHe°),/(—AlHe°), 


The values previously reported [1] for the 


heats of combustion and formation of 1,3- 


butadiene (gas) are 


. 11 
C,H, (1,3-butadiene, gas)+ , O,(gas) 


4CO, (gas) +3H,O (liquid), (15) 
— AHeoos = 607.91 £0.23 keal/mole. 
4C (ec, graphite) + 3H,(gas) = 
C,H,(1,3-butadiene, gas), 


AIT f sos. 1g = 26.75 £0.23 keal/mole. (16) 
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Results of calorimetric combustion experiments on 1,3-butadiene 


B Deviation from 
We @ ” mean 


j j j Ohmsaiqg COr Ohms'g COs 


Results of calorimetric combustion experiments on 1,2-butadiene 


+16.5 —342.3 31.3 0. 0934941 —0. OOOO514 
—24 —331.2 31.3 . 003478 +. 0000023 | 
+0. 1 — 30.3 31.3 . ONS 505 +. QOO0240 | 

—2.8 — 355 31.3 ONS.37 +. QOOOLTS2 

—16.8 —352. 2 31.3 . ONS 55 +. QOOO210 

—18.6 — 362.7 31.3 . 093.5390 —, QOO006.5 
—23.9 —2.5 31.3 . 0935009 —_ OOOO. | 
—17.2 —329.7 31.3 0935735 +. QOO0280 | 
0. 0935455 

+. OOOO TOE 
| 
Ge Ge qs B Deviation from 
mean 


j j j Ohms'g COr Ohms/g COr 
—13.2 —54.9 31.3 0. 0955079 —0). (O00048 
—5.5 —345.8 1.3 OUS5080 — (000047 
—10.1 — 368.8 1.3 OO4977 —_ QO00150 
—7.7 —383. 4 31.3 0955137 +. DO00010 
—10.8 ~ 352.4 ) Bs OO55377 +. OOO0250 
—16.6 —34.3 $1.3 0955112 — OOO00LS 


nr1907 
0. 0955127 


+. OOONDSS 


The heat of isomerization at 25° C thus 


becomes (from eq 7): 


1,3-butadiene (gas) =1,2-butadiene (gas) 
(17) 


AIT° (isomerization) = 12.78 £0.16 keal/mole. 


The heats of combustion and formation of 
1,2-butadiene become: 


C,H,(1,2-butadiene, gas)+ 4. O,(gas) = 


4CO, (gas) + 3H,O (liquid), (18) 
— AHeves.1g= 620.69 =0.28 keal/mole. 
4C (ec, graphite) + 3H,(gas) = 
e (C,H,(1,2-butadiene, gas), 


AIT f oos. 6 = 39.53 £0.28 keal/mole. (19) 
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Optical Glass of Interferometer and Schlieren Quality 
for Wind-Tunnel Optics 
By Leroy W. Tilton 


Large disks for wind tunnels should be uniform in optical thickness within 


aecuracy in measurements by interference fringes is to be insured. 


geneities in whe glass shall be less than 


or 4 centimeters. 


116A if highest 


This means that hetero- 


+5X10-? in refractive index for thicknesses of 3 


Evidence is cited to show that differences in chemical composition in 


good glass may not prevent realization of the desired uniformity, and that stress birefring- 


ence cannot be an important preventing factor. 


The remaining source of nonuniformity in 


glass is the existence of temperature gradients during annealing that can cause changes in 


structure, and it has been found that these can be reduced within required limits simply by 


encasing the glass, during annealings, in a sufficient number of concentric boxes composed 


of alternately heat-conducting and insulating lavers. 


I. Introduction 


Demands for large interferometer plates (beam 
splitters) and large windows for schlieren appara- 
tus have occasioned renewed interest in the exist- 
ing degree of uniformity of optical glass and in 
possible improvements. Because of imperfections 
in glass, the figuring of optical surfaces has often 
been employed, especially when linear apertures 
are to be large as in the larger astronomical objec- 
tives, and when the optical path in the glass must 
be long as is the case in some large prisms. Figur- 
ing procedures were sometimes found necessary, 
because the optical performance was otherwise 
poor and unacceptable. 

Figuring, or local repolishing, of optical surfaces 
is done only by expert artisans, perhaps artists in 
a Way, and as we progress in modern methods of 
the design and construction of optical systems, it 
becomes increasingly difficult to find experienced 
men who can undertake figuring with confidence. 
Consequently the glass makers have been and are 
improving the quality of their product, but they 
cannot be expected to do so in advance of wide- 
spread demands for glass of better quality. 

The quality of optical glass is commonly judged 
by its freedom from color, seeds, stones, feather, 
striae, and other plainly visible defects and also 
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by its freedom from internal stresses as indicated 
by tests for birefringence. Usually, glass that is 
rated high in these respects has been found by the 
tests of actual use to be satisfactory in many pre- 
cise optical instruments, and it has been generally 
believed that exceptions were caused by inherent 
nonuniformity in chemical composition, The 
work of Tool [1]! and his associates at this Bureau 
has shown, however, that glass may be physically 
inhomogeneous, because of temperature gradients 
that existed during heat treatment, and still show 
little or no stress birefringence and be quite uni- 
form in chemical composition. As a result some 
previous failures can be explained, it is possible 
to successfully retreat and recondition some ele- 
ments that have failed in optical performance, and 
best of all steps can be indicated that will lead to 
much better uniformity in the refractivity of glass. 

For some purposes, refractive uniformity may 
be desirable for a given type of glass that is pro- 
duced over long periods, as the successive pots are 
made, or it may be necessary merely that many 
small pieces from a given pot of glass shall be 
equally refractive. In these cases, there is no 
problem in testing the degree of the existing uni- 
formity that is attained. In single large pieces of 


Figures in brackets indicate the literature references at the end of this 


paper 
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glass, however, we have no completely satisfactory 
way of knowing just what degree of refractive uni- 
formity exists. Optical homogeneity is not as- 
sured by freedom from birefringence and visible 
defects. Interference methods of investigating 
homogeneity become very difficult when the 
thickness of glass exceeds 2 or 2's in., because the 
fringes formed by reflections from the surfaces in- 
volve such a large difference in equivalent air 
path, namely 2nf, that they are indistinet and 
have seldom or never been accurately and quan- 
titatively observed. Prism methods of measuring 
the differences in refractivity require depletion or 
destruction of the blanks, or else yield merely 
some sort of an average value for long paths in 
the glass. 


II. Permissible Phase Differences 


Strict tolerances in uniformity of optical glass 
become progressively more important as activities 
in the optical industry become less a matter of 
individual skill and thus approach the American 
ideal of standardization for mass production. In 
general, the designers’ tolerances, whether con- 
cerned with the usual instruments for taking pre- 
cision observations or with the exacting require- 
ments of certain fixed-focus instruments, are com- 
paratively liberal. They relate chiefly to inter- 
melt and interblank uniformity rather than to the 
intrablank homogeneity that is of importance in 
wind-tunnel optics. 

In setting tolerances in optical uniformity, it is 
generally assumed that heterogeneity of refracting 
media of optical systems can be tolerated unless 
a noticeable amount of aberration is introduced, 
that is, an amount which results in something 
short of “best definition” as judged, usually, by 
the observation of the diffraction pattern of a 
“point” source. For this limiting condition, 
Rayleigh [2] placed the limiting departure from 
true sphericity of wave front at 1/4-’ phase 
difference. At this limit the “aberration begins 
to be decidedly prejudicial.”” But Rayleigh con- 
sidered only certain types of aberration, and it is 
possible that other types might necessitate a less 
liberal tolerance. Very little is known precisely 
concerning the actual defects in imagery that may 
be produced by irregular refractivity in lens 
systems. 

Chalmers [3] found that in practice the figuring 
of small objectives is employed to reduce path 
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differences to 1/5 } (+1/10 \ from the mean) o 
less to meet the requirements of definition. As ; 
result of an experimental study of the distributior 
of intensities near a focus, Martin [4] conclude: 
that “‘to secure the placing of the full amount of 
light into its correct place in the image such phass 
residuals should be brought within 1/6 X at the 
best visual focus’’. This is fairly in accord with 
the suggestion of Conrady [5] that “for instruments 
of the highest quality the limits should be reduced 
to 1/6 or even 1/8 of a wave-length’’, because with 
the classical Rayleigh limit, “there is in every 
case a decided loss of contrast in the image of an 
extended object’”’. Elsewhere [6] the same author 
has considered the requirements for depth of focus 
and focal range without serious loss of definition. 
He concludes that it is desirable to keep the resi- 
duals of aberration well below the limit set by 
the requirements of definition and contrast at any 
one definite focus. For maximum focal range, 
zero phase difference would be required, but values 
of 1/8 and 1/16 \ are mentioned by Conrady as 
limits of phase difference at which the discrepan- 
cies between maximum and realized focal range 
are “‘unimportant’ and “quite insensible’’, re- 
spectively. This is of importance in microscopy 
with high numerical apertures, especially for 
projection and photographic methods. 

So far, only resolution and contrast have been 
implicitly considered in relation to definition. 
Wadsworth, |7] however, has emphasized the 
importance of accuracy as an element of good 
definition (using the latter term in the broad 
sense), which is often of more importance than 
either resolution or contrast. He finds the 
requirements for “metrological power’ more 
exacting than those for either resolving or delin- 
eating power. For instruments intended for 
marimum accuracy of measurement, he concludes 
that the differential distortion of those wave 
fronts that form simultaneous or successive 
images on which settings are to be made must 
not exceed one-fourth of that which would affect 
good optical definition according to Rayleigh. 
That is, Wadsworth places the phase difference 
limit at 1/16 instead of 1/4 Xas did Rayleigh. It 
is owing to slight shifts of the distribution of 
energy in the diffraction pattern that error can 
arise from such small aberration, and if the effect 
is constant between successive measurements, 
then a difference of such measurements, which 
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frequently is all that is desired, is of course free 
from such error. But after an examination of the 
conditions under which such small aberrations are 
constant, Wadsworth decides that it is impossible 
in all cases to secure such conditions and that the 
only entirely safe procedure is to reduce the phase 
differences themselves to the small value of 1/16 X. 
This, probably, is the desirable phase tolerance in 
some applications of wind-tunnel optics. 


III. Effects of the Distribution of 
Heterogeneity 


In order to decide upon the degree of hetero- 
geneity permissible without violation of a given 
degree of phase uniformity, it is necessary to 
consider the distribution of the departure from 
the average optical density of the refracting 
media. Some useful ideas, directly applicable 
to a consideration of wind-tunnel optics, are 
obtained from an examination of a few simple 
cases: 

(1) For any optical component having plane 
surfaces (i. e., producing zero effect on the ver- 
gence of transmitted light), a small uniform 
transverse optical density gradient will introduce 
no appreciable aberration but merely a deviation 
in the direction of propagation of the wave. 

(2) For any optical component, a more or less 
concentric and systematically progressive index 
gradient from center to periphery may produce 
chiefly longitudinal and symmetrical aberration 
that can usually be partially eliminated by re- 
focusing of the viewing system. 

(3) If the distribution of abnormal density is 
somewhat irregular it is quite possible that, of 
the total aperture, certain moderately large * 
areas are covered with glass of different average 
index from that of other large areas. In some 
such cases the result can be almost entirely one 
of asymmetrical aberration, the amount being the 
maximum that can result from the index devia- 
tions present. 

Even in case (3), however, it may happen that 
some hypothetical regular transverse index gra- 
dient from center to edge can approximate the 


It is necessary to distinguish this case from that which usually cbtai ns 
when striae or other local abrupt changes in density are present. (See A 

Arnulf, Rev. D’Optique 6, 2 (1927). In glass of good quality these can 
affect only small proportions of the total apertures, unless the latter are 
themselves small, as in microscope objectives. Consequently, the intensity 
of the out-of-phase light due to striae is in general so small a proportion of the 
total that the noticeable effects are of a much smaller order than those to be 


referred to in this discussion. 
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existing nonuniformities and thus permit amelio- 
ration of the irregular effects by simple orientation 


and refocusing. 
IV. An Index-Heterogeneity Tolerance 


In any event, it is useful to establish the index- 
heterogeneity tolerance corresponding to the resid- 
ual effects referred to under ease (3). If two 
rays traverse paths of equal length, a, through 
glasses of indices n’ and n’’, respectively, the 
numbers of wavelengths are 


VW an’ 
4 N ’ 
and 
\" an” 
4 N ’ 


whence the optical path difference is 
’ y a(n” —n’) 
(N”—N’) , 
nN 
where \ is the wave length in air. If (n’’—n’) be 
expressed as 2An, » being the average index of the 
glasses, and (N’’—N’) be expressed as 2AN, 
where +An and +AN are deviations from the 
mean values of nm and N, then for any given 
tolerance in phase, 2A4N (maximum phase differ- 
ence), the corresponding tolerance in index (de- 
parture from the mean) is expressible as 
AN X 


An=+ = 


For a glass thickness of 1 cm, table 1 shows the 

corresponding values of An computed according 

to the Rayleigh and also to the Wadsworth limit 

for a few frequently used wavelengths. 

TABLE 1. Suggested maximum permissible phase differences 
and corresponding homogeneity tolerances in An for 1-cm 


glass path 


Tolerances in refractive index, An 


Phase 
differ- 
ence, Cc D F 7] h 
24N 6,553 A 5,893 4 4,861 4 4,358 A 4,047 A 
y +0. GO000S +0. QOO007 +1). COOH +0. OOOO +0. OO0005 


hie +. Q000021 +. DOOOOTS +. OOO0015 +. OOOOOT4 + OOODOTS 





Considering, on one hand, the smallness of these 
index differences in comparison with those known 
to exist in many glasses, and, on the other, the 
known degree of perfection attained in many 
optical systems, sharp disparity appears, but 
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several considerations may be mentioned to show 
that no inconsistency necessarily exists. 

In the first place the tolerances correspond only 
to case (3), that of the most unfavorable of the 
possible distributions of index heterogeneity. 
Secondly, excellence of performance is quite fre- 
quently judged by the relatively easily attained 
standard of theoretical resolving power, based on 
-A phase difference. Even a phase difference 
as large as ': \ does not always entirely prevent 
resolution [8]. Furthermore, the really exacting 
tests, involving the accuracy of measurements 
carried out under conditions requiring constancy 
of aberration are seldom made. Wadsworth 
treated some cases of this kind in detail. The 
heliometer and the spectrograph are examples 
where varying portions of the apertures of the 
optical components come into use for the different 
measurements. Varying angular presentation of 
the wave front to the optical surfaces is one of the 
most commonly encountered 
nature giving opportunity for exact tests. This 
occurs Whenever the telescope is used for measure- 
ments on images having considerable angular 
separation in the field of view and in the use of 
cameras for airplane mapping. But in most such 
cases, even the errors of design are not reduced to 
negligible proportions, and exact tests are not made 
beeause the calibration is relied upon to include 
also the errors of material and workmanship, or 
because null methods are used to eliminate all 
error, as in the test for the Einstein effect. 

Another matter to be mentioned in this connec- 
tion is the part played by the skilled craftsman in 
the use of imperfect materials, as already referred 
to in the introduction to this paper. This con- 
sideration is probably of greater importance than 
those already named and indeed, in itself, may be 
a sufficient explanation of the bridging of the gap 
between the required and the attained degree of 
optical homogeneity of refracting media. 


V. Causes of Nonuniformity in Refractivity 
of Glass 


A priori, variations in chemical composition 
would seem to be the causes of nonuniform index 
in “well annealed”? optical glass, and such views 
predominated until it was shown [9] conclusively 
that the index differences in good annealed optical 
glass can be greatly reduced by reannealings in 
which more care is taken to have uniformity of 


conditions of a 
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temperature in the glass during the annealing 
processes. In short, it was discovered that 
thermally induced inhomogeneity could be present 
without appreciable accompanying birefringence. 
Assuming that the chemical composition varies 
in glass so as to produce.somewhat vaguely de- 
limited regions (relatively very large as compared 
to striae) having different indices, then a blank 
made from such glass can pass all usual tests and 
be regarded as homogeneous, unless prism tests 
of index are made from several peripheral portions 
of the blank. 

A similar condition of potentially dangerous and 
vaguely delimited inhomogeneity can occur be- 
cause of temperature gradients that exist in the 
furnace during annealing. Prior to demands for 
large components for wind-tunnel optics, there 
appeared no necessity for using extreme care to 
eliminate these small temperature gradients. 
Consequently, it is impossible to say to what 
further extent the uniformity of glass may be 
improved, or to what extent a residual variation 
in chemical composition may exisi. The part 
that is thermal in origin can be erased by still 
greater care in heat treatment, but that of chemi- 
cal nature probably presents more serious prob- 
lems. Reports made on the degree of homo- 
geneity of glass.without quantitative appreciation 
of the direct effects of nonuniform heat treatment 
are of little value for estimating the attainable 
degree of uniformity. 


VI. Stress Birefringence 


The subject of strain still plays such a prominent 
part in discussions of annealing that it is necessary, 
especially in view of the high standards of homo- 
geneity that seem really desirable, to determine 
some quantitative measures of its contribution to 

‘ , rene ‘ k . 
optical heterogeneity. The birefringence that it 
causes is a commonly used measure of the internal 
stress producing the strain, and it would seem 
desirable if possible to continue to use the same 
os sad o : 
indicator as a measure of the lack of homogeneity * 
thus occasioned. 

For the sake of clearness it seems necessary to observe that it is of course 
true that any piece of glass in which strain exists is as a whole a balanced 
system involving both compressions and tensions so that in a certain sense 
the index changes produced, being of opposite sign, offset each other. But 
portions of the glass showing definite birefringence of a given sign experience 
a corresponding change in index, and such portions of the medium may be 
legitimately considered to the exclusion of other portions, because such 


procedure enables us to arrive at an estimate of the lack of homogeneity 
wising or existing in sifu in a large optical component. 
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The use of Neumann's [10] equations is so well 
known through the work of Pockels [11], that it is 
unnecessary to give details of the derivation of the 
equation for expressing the absolute birefringence, 
(ny —n-), in terms of the unidirectional thrust, P, 
and certain constants of the glass. As written 
by Adams and Williamson [12], it is 


(my—n,) = 6 +a)(4—"), (1) 


where the constants of the glass are, /, Young's 
modulus; ¢, Poisson's ratio; n, the index of refrac- 
tion of the unstrained medium in which the velocity 
of light is 7; 
determined experimentally. 
and 2 appended to the symbol n represent the 
indices of the medium for light vibrating in planes 
parallel and perpendicular, respectively, to the 


whereas p and q are coefficients 
The subscripts » 


direction of the thrust. This equation was ob- 


tained by subtraction, from the equations 


= —20"4%), (2) 


, 
(n,—n) ral oP—of| (.3) 
ke v vr 


From eq | it is evident that when p 
as Pockels showed, occurs with a flint glass con- 
taining about 74° of PbO), no amount of uni- 
directional pressure is sufficient to produce bire- 


(hy n) 


and 


q (which, 


fringence. But eq 2 and 3 indicate that in such 
cases there are, nevertheless, certain index changes 
unless o—0.50 as for an incompressible fluid, or 
Thus it 


Pockels’ work should be extended before it can 


unless p=<q=—0). might seem that 
safely be assumed that no other glasses exist that 
Certainly it 
seems evident that birefringence is not in general 


are exceptional in this respect. 


a thoroughly reliable quantitative measure of 
index changes produced, either by external pres- 
sure or internal stress, the sensitivity of such a 
test decreasing as it is used on glasses whose 
compositions approach that of a glass having the 
exceptional property described. 

On the other hand, the measurements of bire- 
fringence that have been made by  Pockels, 
Filon [13], and Adams and Williamson [14] on a 
combined total of 24 optical glasses, show a small 
and regular variation giving little or no indication 
of the existence of other compositions having the 
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remarkable properties referred to in the case of the 
74-pereent-PbO glass. Circumstances thus seem 
to warrant a continuation of the use of bire- 
fringence as a qualitative measure of strain in all 
of the usual types of glass, except high-index flints 
included within the approximate limits of index 
1.8 to 1.9, and also its extension to the qualitative 
measurement of the change in index so produced. 

By the use of eq 2 and 3, and assuming reason- 
able upper limits of tensile strength, it is possible 
to arrive at some idea concerning the order of 
magnitude of the index changes that internal 
stresses may cause. In this way, it can be shown 
that strain could never have produced more than 
a fraction of the lack of homogeneity, which has 
been commonly attributed thereto. Also, it may 
be seen that the present practice of annealing to 
reduce birefringence to 5 or 10 my/em is ample [15] 
(with possible exception of indices 1.8 to 1.9) for the 
elimination of strain effects on index to a degree 
consistent with the most exacting of previous 
requirements of optical uniformity. On the other 
hand, in the absence of extensive tests on the 
character and magnitude of surface deformation 
that may result from the presence and gradual 
release of strain, it cannot definitely be said that 
the present standards of stress removal, are un- 
necessarily high. 


VII. Chemical Heterogeneity 


After publication of Eckert’s work [16], it ap- 
peared that the intrinsic heterogeneities in optical 
glass were not necessarily as large as previously 
Briefly, the result bearing on the 
present question of intrabland homogeneity was 


supposed, 


his intramelt spread of only 2<10~° in refractive 
index within each of three melts. This was soon 
confirmed, for glass of European origin, by the 
reannealing of certain lens blanks at this Bu- 
reau [9]. 
intramelt index variations among six random 


According to this report, the chemical 


samples from a single melt were confined to a few 
units of the sixth decimal place. Such a high 
degree of chemical homogeneity, if found in all 
types of optical glass, will mean that with proper 
heat treatment the ideal of homogeneous refract- 
ing media of standardized index is attainable. 
Some interesting evidence bearing on this sub- 
ject is to be obtained from use of the interference 
method of testing a glass melt for uniformity as 
described by Dalladay and Twyman [17]. Their 
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procedure is in reality a test of the chemical 
heterogeneity only because, as pointed out by 
Lebedeff [18], the reannealing of the composite 
block insures the canceling of physiochemical 
effects. Consequently the high degree of homo- 
geneity that these investigators found is also 
encouraging evidence of possible chemical uni- 
formity. 

Precise data on the index uniformity of samples 
taken from pots of optical glass were determined 
at this Bureau [19] on six types of optical glass. 
In each case 10 prisms were cut after recording 
their relative positions and linear separations in 
two or three dimensions. After precise index 
measurements by the method of minimum devia- 
tion, it was possible to compute approximate index 
gradients in the original larger pieces of each type 
of glass from which the individual prisms were 
taken. These gradients ranged in value from 6 to 
49 x 10°° per decimeter but, in general, it was 
found that the gradients were roughly proportional 
to the changes that can be produced in the refrac- 
tive indices of these glasses by heat treatment. 
Moreover, in each case, as might be inferred from 
the facts as stated, two prisms of each melt having 
maximum difference in index were annealed 
together in the same furnace, and their index 
differences were thereby very materially reduced. 
Since the original differences were themselves in 
the fifth decimal place, it was indicated that the 
chemically caused variations must indeed be small 
in the sixth decimal over distances of a decimeter 
in the glass. 

Recently, 10 2-in. cubes of borosilicate glass 
were annealed at this Bureau and, for each of the 
three orthogonal directions, the “average” index 
along each of 24 paths through 2 in. of glass was 
compared with that for a similar average central 
path through the face centers. This was done on a 
Twyman-Green interferometer by the method 
that Twyman [20] has recommended for thin 
plates. The surfaces are very good but need not 
be perfeet, and the near parallelism is adjusted to 
give a convenient number of fringes. By trans- 
mitted light each fringe delineates the path corres- 
ponding to constancy of 2(n—1)t whereas, by 
shielding both mirrors, one can see fringes of 
constancy of 2nt. In other words, in these two 
eases the fringes are different functions of n, the 
average index of refraction of the glass along the 


glass path that is traveled. If a cube of homo- 
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geneous glass (An=0 from path to path through a 
perfect cube) is slightly thicker at one edge, then 
the number of fringes seen by reflection and by 
transmission must be in the ratio n/n—1. Any 
other value of this ratio shows at once that the 
glass is inhomogeneous. Both At and An may be 
evaluated and the corresponding contours plotted 
with respect to any arbitrarily selected path. 
The index differences found for each of the three 
faces of one of the cubes were +2.5, +3, and 
£4x10-°, but the average for 27 faces of the 9 
other cubes was only + 1x10~°. 


VIII. Temperature Gradients in Annealing 
Furances 


The desirability of uniformity of heat conditions 
in annealing was stressed at this Bureau even 
before the true nature of the thermal effects was 
fully realized [21]. For the annealing of optical 
components for use in wind tunnels, the ne- 
cessity of uniform temperature conditions must 
now be stressed with multiple emphasis. At 
the same time there is one fortunate alleviating 
feature. Whereas, when thinking in terms of 
strain alone, relatively slight fluctuations were 
considered important, especially during cooling 
through certain temperature ranges, now {22}, 
it is plain that, considering temperatures in the 
annealing range, only an integrated effect is of 
highest importance for optical uniformity. Con- 
sequently it is suggested that the best way of 
investigating effective deleterious furnace gra- 
dients is by measurement of the index hetero- 
geneity actually impressed on small prismatic 
samples of the glass, which can be located at various 
places in the furnace while annealings are in 
progress. 

It is by means of this method that it is some- 
times possible to analyze index data, post mortem, 
and get useful information concerning the effective 
temperature gradients that existed in the anneal- 
ing furnaces that were used. For example, from 
the data that Eckert published it is possible to 
infer that furnace temperature differences during 
his fine annealings were as large as 1 or 3° C 
over the unknown linear distances that may have 
been involved. Temperature differences of this 
order, or greater, over distances of 10 to 30 em 
have probably existed during almost all of the 
best annealings until very recently. Their pos- 
sible maximum effects can easily be estimated 
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om the list of equilibrium temperature coeffi- 

ents of refractivity that have been determined 
at this Bureau for 21 optical glasses. They 
ange from 20 to 60x10~° for various silica glasses, 
depending roughly on the mole fractions of non- 
silica oxides that are used in their composition. 
The full sensitivity of glasses to annealing tem- 
perature is thus about 10 times as great as their 
sensitivity to room temperature changes. 

Considering borosilicate glass, which is the type 
most often used for large windows and interferom- 
eter plates, equilibrium temperature coefficients 
of 38, 38, 50, and 53x10-° per deg C have been 
found on samples differing somewhat in chemical 
composition. If the full potential effects of tem- 
perature gradients in glass during the holding 
period of an annealing should be realized, it is 
obvious that the steady systematic furnace gra- 
dients must, in general, be reduced to a very few 
hundredths of 1 degree over the linear dimensions 
of an optical component, if optical glass is to be 
homogeneous to 1xl0-° in index. Fortunately, 
in practice, the full effects are not realized. If 
the holding temperature is high enough to permit 
equilibrium during the short holding periods, then 
it is likely that further changes during the early 
stages of cooling will ameliorate the inhomogeneity. 
If the holding temperature is low, the holding time 
may not be long enough for attainment of the full 
inhomogeneity corresponding to the temperature 
gradient. However, very large pieces must be 
annealed at low holding temperatures, and the 
period must be long for the proper relaxation of 
stresses. Thus they will probably experience a 
larger proportion of the full equilibrium changes 
in index than is the case for smaller components 
with which the glass makers have had more ex- 
perience. 

At this Bureau the temperature gradients in 
annealing furnaces have progressively and success- 
fully been reduced by placing the glass in a closely 
fitting metal box, which is inclosed in another box 
or boxes, that is by inserting more and more metal 
in the furnace between the glass and the heating 
coils. Large disks or other large components of 
glass are symmetrically placed with respect to 
this added metal and with respect to the furnace 
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walls. Alternate layers of conducting and non- 
conducting materials are particularly advanta- 
geous. Copper as a conductor is objectionable 
because of excessive oxidation. Aluminum has 
been found very satisfactory but, for some glasses, 
care must be exercised to keep preheating below 
the melting point of this metal. The tempera- 
ture range can be satisfactorily extended by use 
of certain alloys of aluminum. 

The importance of uniform annealing tempera- 
ture is so great in the successful production of 
wind-tunnel optics that it may be necessary to 
provide for slow continuous rotations of the glass 
or of the furnace in which it is contained. Possi- 
bly simultaneous or successive rotations about 
two axes may be desirable. Certainly a- very 
high degree of temperature uniformity will be 
necessary if we are to determine just what degree 
of residual inhomogeneity is chemical in nature. 
At present we seem to be safe in saying that in 
much of our properly selected best optical glass 
the maximum inhomogeneities are small in the 
sixth-decimal place over distances of several inches, 
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A Standard of Small Capacitance 


By Chester Snow 


\ formula is derived for computing the electrical capacitance of an absolute standard 


that is a modification of the ordinary parallel-plate condenser with coplanar guard. The 


modification consists in placing the circular face of the electrode at the bottom of a evlindrical 


hole in the guard. 


The analogous two-dimensional arrangement is also considered. The 


tvo cases are formulated as special cases of a more general one, in such a manner as to show 


that certain approximate formulas have errors of the same order of magnitude in each case 


lhe magnitude of the error is then determined by comparison with an exact formula ob- 


tained for the two-dimensional case by conformal transformation. 


With certain restrictions, 


easily made in practice, this error seems to be less than one part in two thousand. 


I. Introduction 


To meet the demand for a standard of very 
small electrical capacitance that may be computed 
from its dimensions, the ordinary parallel-plate 
tvpe with coplanar guard has been modified by 
placing one electrode at the bottom of a cylindrical 
hole (or well) in the guard as shown in figure 1, a. 
\ formula is required for computing the coefficient 
of capacitance C between the conductor on the 
left and the rod that snugly fits the eylindrical 
hole. 

For the mathematical formulation of the prob- 
lem it has been idealized in two ways. Further 
restrictions are made, but these are easy to meet 
nh practice 

If the radius of the disk on the left in figure 1, a, 
s sufficiently large compared to its distance from 
the guard, there will be a region between them 


where the electrostatic field is nearly uniform. If 
| were perfectly uniform, the distribution of 


charge at the edge of the hole, in the cavity, and 
m the piston would be the same as if the radius 
of the left-hand conductor and guard were infinite. 
This is the first simplification in passing from 
to the diagram in figure 1, b. In the 
latter it is sufficient to show only the half of a 


; . 
iwure 1, a, 


meridian section, since the potential has avxia! 
vmmetry. The most sensitive experimental tests 
how that when the radius in figure 1, a (corre- 


ponding to A,Ay in fig. 1, b) is five times the 
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Ficure 1. The dielectric volume is qenerated by rotation 
around the x-axis of the plane region I14+-11+-7171. 


A, Isometric drawing of capacitor; B, meridian seetior 
the cylindrical coordinate X.p 





separation, ¢, there is no detectable change in 
capacitance by further increase in this ratio. 

The second assumption, as shown in figure 1, b, 
is that the clearance between the piston and its 
guard may be ignored. The two are kept at the 
same potential but insulated from each other. 
Condensers of this type have been constructed in 
which this insulation is several hundred megohms, 
although the clearance is almost invisible to the 
naked eye. If the hole were very shallow, the 
edge A, being close to Ay, a correction for clear- 
anee would be more important, but if the depth 
of the hole were of the order of magnitude of its 
radius, both being large compared to the clear- 
ance, such a correction appears to be unimportant. 
With no clearance, the electric field vanishes at 
the edge A,. There is another reason for making 
the hole relatively deep, say greater than its 
radius or one-half of its radius. This arises out 
of purely mathematical difficulties. 

After adopting these two simplifications and 
formulating the potential, on the basis indicated 


in figure 1, b, a formula for the capacitance C 


was obtained in terms of known functions and an 
infinite set of positive constants x, (s=1, 2, 3. 

©), which are the solutions of an infinite system 
of linear equations. The formulation as an 
integral equation is given in the appendix. It 
suggested the proof, which is given, that the 
solution by the method of successive substitutions 
would be convergent for all positive real values of 
the depth-ratio, B= (b—c)/a, and of the spacing- 
ratio, y=c/a. The computation of the iterated 
series, which give the constants s,, seems to be 
very laborious in general. To obtain a simple, 
explicit formula for each s, (and therefore for 
capacitance C) it was assumed that O<y=<1/5 and 
1=<8= ©, or roughly of this order. The shallow 
hole is again excluded, and the restriction on y is 
such as must be made in practice even for the 
coplanar case. 

These restrictions do not prevent the extension 
of the range of standard capacitance down to the 
lowest desirable values. Since there are three 
adjustable lengths a, 6, and ¢, it is also practicable 
to make a capacitor to which our formula applies, 
whose value C is as large as that of a coplanar 
type with smaller radius a. Each capacitance 
could be computed and they could be compared 
experimentally, so there is a possibility of ex- 
perimental check on the restricted formula for C 
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that is given here. (We have no practicab! 
formula of precision for the case of a relativel) 
shallow hole.) 

It is not desirable to construct a set of standard, 
of very low values, whose capacitance must be 
found experimentally by stepping down from the 
parallel-plate type. Hence the estimate of the 
order of magnitude of error in the restricted 
formula for C (eq 35) should be based on mathe- 
matical considerations if possible. Such an esti- 
mate is made here by what amounts to a mathe- 
matical experiment. 

To make this we consider the corresponding 
two-dimensional arrangement, which may also be 
represented by the half-plane of figure 1, b, view- 
ing it as a cross section of endless conductors, 
zx and p now being rectangular coordinates instead 
of the cylindrical coordinates used before when 
the x axis was the axis of symmetry. On this 
figure the two-dimensional potential has the same 
boundary values as before, but instead of the 
axially svmmetrie potential equation 


(D4 D+" D,) V=0. 


we now have 
(P2+ D2) V=0. 


The formulation of this problem in every step is 
analogous to that used before. A parallel treat- 
ment of the two cases, which was first used, was 
later abandoned in favor of the combined treat- 
ment given here, the two potential equations now 
being special cases of a more general one. The 
analogue of C/a is formally rC’, where C”’ is the 
capacitance per unit length of slot (the analogue 
of the cylindrical hole of diameter 2a, being the 
endless slot of width 2a). The general formula 
gives Cia (eq 25 below) as the same function of 
8 and y and the roots a, of J)(a)=0, that rC” is 
of 8 and y and the roots a of cosa=0. The same 
is true of the restricted formulas 35 and 35a. 
The combined formulation of the two cases makes 
it evident that the error is of the same order of 
magnitude in both cases for the restricted formulas 
35 and 35a. 

But it is known that the two-dimensional prob- 
lem may be solved by conformal transformation 
with integrals of elliptic functions, and this leads 
to a formula by which #C’ may be computed with 
any desired precision. From this it appears that 
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e restricted formula 35a (and hence eq 35) is in 
ecror by not more than one part in two thousand 


] 
{when O0< y= - and 1<8< @ ): 
” 


Capacitors that approximate to each of the two 
types here considered have been constructed by 
(. Moon, and their coefficients C and C’ meas- 
ured by comparison with the parallel-plate type. 
‘The values agree with those computed by the 
restricted formulas given here, the experimental 
error being estimated as one part in a thousand. 
The longish, two-dimensional type is more diffi- 
cult to construct with precision. 


II. Combined Formulation of the Two 
Potential Problems 


The potential V (2, p) must satisfy the bound- 
ary conditions 


Vio, p)=0 for o<p= 


V(b, p)=1 for o<pxa 
Vir, a)=1 for exrx<b 
Vic, p)=1 for apo 


D,V=0 when p=0, and V-z/e when p>. 


In the dielectric region the axially symmetric 
potential V satisfies the partial differential equa- 
tion 








form a closed set, and they are normalized, for 


aa 


to, (t)o,(E)\dE=6,,—1 if n=s,=—0 if n#¥s. 
) 


Another independent closed set, associated with 
the same constants is 


J 41 (asé) 
v(E) = v2 Joss (Ge) . 

We use J,(t) and //,(t) to denote Bessel’s 
cylinder function of ¢ and the first kind of Hankel’s 
function, and assume that the é-plane is cut along 
Between these two fune- 
there is the identical 


its negative real axis. 
tions and their derivatives, 
relation in f, 





Jit) Hilt) 2 ' 
Jt) H(t) intl Od 0) !) 
There is also the identity in ¢, 
9 v4. (asé) Soa n(té) (9) 
" oon '(a?— 0") J,4,(as) t”.J,(t) 


which is valid for OSE=<1, if n=1, 2, 3,... and for 


O=E< 1 in case n=O, which becomes 


= ae), (a €) J, (té) f 0 _—e | 9 
-2y . 5 or —e< * (2a) 
on 1 (a, -t?) Js, (as) J, (t) - 
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PP) V+! DV=0. 
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The two-dimensional potential has the same 
boundary conditions but satisfies the equation 


(2+ D?)V=0. 


They may be considered as special cases, y= 0 and 
v=—1/2 of Viz, ), which has the same boundary 
conditions and is a solution of 


(TP De) V+! 


1 Dy 
“ay DV =0. 
As far as the formulation of the problem is con- 
cerned, it is only to assume that the 
constant parameter y is real and greater than —1. 
With this restriction let a, denote the s posi- 
tive root of Jia)=0. It is known that for the 
interval O<é<1, the set of normal functions 
(with weighting factor &) 


necessary 


Ja £) 
e ss « » 

¢;,(£)= 2 g=:] > ee 
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0 in this gives 


Letting ¢ 








2s) J (at) 


(2b) 
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» for OSE<1- 





For brevity let £=p/a 
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In the appendix is a formulation by contour 
integrals leading to an integral equation. The 
much shorter discussion given here contains all 
that is essential without reference to the appendix. 

Consider the particular solutions V,(2,p) (s=1, 
2,3... .), which vanish on all the boundaries of 
the dielectric and are continuous throughout, but 
have discontinuities in OV/Or at the plane re, 
corresponding to a surface density o, at this plane, 


where 
oV OV 
dna, (3 a | or ) 


Tee+t 




















Assume in region | it is 


ria i "JD (a) . 
J 141 (a@s) 


sinh a, b 


' (4a) 
Os sinh Ba, 


V,(z, >) 
f 
then in region IL it must be 


sinh atid E'S, (at 


, ) 
V(r, p) + 9yt-*: 


a, sinh ya, J,.;(a@s) 
~~ wie nar (ine/y) Hing y)J,(inrt/y) 
(—1) sin( ; , 
c [(nm)*+ (yva,)*] 


n=! 


(4b) 
and in region IIL it must be 
V(r, p) = ryt 
~~ naan ts nae\ (ing y) EL inwt/y) J, (inw/y) 
eae 1) sin ( ) , 
c (ya) 


[(nw)?4 


(4e) 


By use of the identities (1) and (2a), each for 
t—(inmwy), it may be verified that not only V, 
but also OV, Op is continuous at p=a. Also, 
¢, it is found that the 
surface density o, is given by 


since Vis continuous at s 
J (at) 


(coth ya, + cothBa,) 
J y41(@e) 


4rat’o, 


I a,e) e 
> aX” 5 = (5) 
k Foss (ers) 


k=] 

where the positive real coefficients are functions 
of y defined by: 

Sy un (ine/y)Hine/y)d,(iney) 
| 


ay (ya,)*] 


AY= XY (6) 


nx)? + (yas)*|-[(naw)*4 


The required potential V, may be represented in 
the form 


/ 


2 S\r.Vy(27,p) in IL and III 


Vi(2,p) 


‘t 


‘ 


/ 


1-2 r.V,(2,p) in I (7) 


i 


. i 


must be so chosen 


c, that is 


where the real constants sv, 
that OV,/Ox is continuous at x 


l 
2S} x, (4rao,) : for OSE<1, 
s=] ! 


or by eq 5 


fer 


2>5- 


— 


- I a, 
, 


) 
« t Sas (ae) 


[ (eoth ya,+coth Ba,)r,—y'a, >) Xr, | 
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(2/y) >» J,(a€) /[as,4;(as)]. by (2b) 


If, for brevity, we place 


7 I sinh Ba, sinh ya, 
coth ya,-+-coth Ba, sinh (B+y)a, 


the system of linear equations that determine 
the x, may be written 


l , — 
r,=A, tra, 3) Xin, | fors ay 
Yas k=1 


(4 


By “successive substitutions” this system is found 
to be equivalent to 


awl, Pi 1 2, ach 2, aA 
[ ata So SS SBA 
Y as. k=1 as k=l ay 
. ann A , 
ym 1 a sk F 4 aytim YS A zn | (10 
k=1 a, k=l 


where m is any positive integer; in case m= 1 this 
reduces to eq 9. 

The iterated coefficients are positive reals, de- 
fined by 

rim+t Ss rit) Ym 
A= Qe rh XN op (11 
where .Y 


If Mt 


an infinitive series that either converges or di- 


is defined in eq 6. 
-@, the second number of eq 10 becomes 


eannot oscillate since all the 
terms are positive). 


verges to +o (it 
If the series converges it 
gives the solution of the system (eq 9). 

To examine this question let 2"), 72, 2 2. 2" 
(e=1,2,3 ©) each denote an infinite set of 
positive constants, each being derived from its 
predecessor by the operation that is the second 
member of eq 9. 


At 1 a 
gintt a [ 4 y>oX 1 ri" 
¥ as k=] 


Starting from any bounded initial set 2,", other- 


(12a 


wise arbitrary, say 


the repeated application of this operation gives 


aA,T1 2 XRA,, 2 X@A, 
nine I PS pte 
7 a k=] a, kel a; 
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li- 
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"(m—1 
ony " A t anata 7 x” } (12b) 
k=l ey k=1 


If we take the initial set, 2° =1, this becomes the 


second member of eq. 10, but it is here assumed 
merely that 2{° is bounded. 


I! 0<r”" =M™ for every s, 


we may then prove that 


<r t%*<— M@ | for every s, when M/°") >2 (13a) 
and 
0< z'**" 1 for every 8, when Ve" =2. (13b) 


This proposition will be shown to hold for every 
finite value of the positive constants 8 and y, but 
in the proof we exclude the case B=y=0 in which 
there is no problem, and also the limiting case, 
7 0, 0< B<_@, 
obviously 2, 


in which the solution of eq 10 is 
| for every s. 

Before attempting a detailed proof, we may 
notice that if eq 13a is true, it then follows that, 
whatever the initial set (provided it is bounded), 
we shall arrive at an integer m for which MW =2. 
Proceeding to larger values of m we find that if eq 
I3b is true then an integer m exists such that 
for every larger integer m the set 7/"*" remains 
bounded and less than 1. 
the faet that 2"?! 


increasing m, it 


Combining this with 
continually increases with 
that the set «("*! 
approaches a limit and the second members of eq 


is evident 


I2b and 10 become a convergent infinite series of 
positive terms that is the solution of the set of eq 
% irrespective of the arbitrary initial set with 
which we start. In facet, certain initial sets 7,“ 
may be found, which make say 2,” or 2S a closer 
than would be 
obtained by starting with the initial set suggested 
by eq 10, namely, 


approximation to the solution 


A, 
Yas 


It would follow that this solution must lie in the 
interval 


A, 
Yas 


r,<1 for every s. (14a) 


This inequality shows that the remainder for a 
siven m, (the last series in eq 10), has an upper 


bound 
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yar 5) Xs (14b) 


k=l 
From eq 8 and 11 it is evident that all tbe pos- 
itive quantities YS? are functions of 8 and y¥, 
except that Y'! by its definition (eq 6) depends 
on y only. 

To prove the propositions of eq 13a and 13b 
we start with the inequality 


Yimen, og oo Wen fxr] 
Y a j I 


bea AM 3D 
Yas n=} 
ne [ (Ma) TT) : 
(iw) °- (yas) f-1 &% “unm y 
by b 


If, in the identity (eq 2), we take n==1,€=1, and 


t=inw/y, it becomes 
~ 2 Ji, (inn/y) : 
re (ium /y)d,(ine)y 


] ' 1 Thr H, inn ye, inn 4 7 
| +My? Zo , a S 


a n=1 (ir )°-- \V¥as)° 


It will appear presently that 


NT ine _ £2 - 
0) - r( ) H. ( ) J, 1 ( in ) - | Lo 
Y 7 Y 
for every finite positive integer n, this positive 


real quantity being a monotone increasing 


° _ aT . . , ‘ 
function of —~+ which only reaches 1 in the limit 
Y 


uo, 


Hence 


or since 


1 9 : 
. «\Ya@s) = : 
—— (naw)-- (ya,)? yas ya, 





and A,=1/(coth ya,+coth Ba,) by eq 8, this be- 


comes 
Mo 
1+ -5- (va, coth ya,—1) (16) 
0< get. 7 
E ya, (coth ya,+coth Ba,) 
for ex: 1, 2,3, ....@. 


From this, the second part of the theorem to be 
13b, follows directly, for if Me <2, 
this becomes 


proved, eq 


A, l aint tie 
< Z, < 
t+-coth Ba,) : 
coth ya, —_ 
coth ya,+coth Ba, 


ya, ya, (coth ya, 


for every s. 
To prove eq 13a, the four expressions 


M@ 
» : 


1, MW —2, ya, coth ya, and ya, coth ya,—1 


are each positive when 1° > 2. 
Hence 
(m 


(WU - I)yacoth Ba +( 3 —j \(yacoth ya— 1)+ 


Mm —2>0. 
Adding 


» 


(ya coth ya—1) to both sides gives 


Mm 
1+ . (ya, coth ya,—1) 


(Me —1)ya, (coth ya,+coth Ba,). 


The inequality (eq 16) then becomes eq 13a, which 
was to be proved. 

Consequently the second member of eq 10 when 
m->e gives the solution x, of eq 9 as a convergent 
infinite series of positive terms, which may be 


written 
A.) + (yas)? ML Xa+yNR+AN2 +. |. 
(17) 


r 
. yas (| fri a, 


where A,, YP and may be computed by 
eq 8, 6, and 11. The process is straightforward, 
the series converges for every positive 8 and y 
and is therefore the complete solution of the gen- 
eral problem, but as such is practically useless in 
all its generality. By good luck we may restrict 
the problem so that only the first series of eq 17 
is necessary. 
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Eq 2 with n=1, &=1 and t=ing/y, becomes 


9 inn J, int \ 2) l a inn 
( 7 ) Fa (*) ( Y ) 


Using this, the definition eq 6 of Y) leads to 
the exact equation, 


Sey we ( ney) A, (inw/y) J... (inw/y) 
yoXV=D x SSE, (38) 


fr = (nw)*+- (ya,)* 


To complete the proof it is necessary to show 
that the inequality eq 15 is satisfied in both cases, 
v=0, and y= —1/2. 

In the case v=0, Jy (ay) 
real quantities have the asymptotic expansions 


(""* ine ine ' 
") 1 ( H, ) sol ae I+) r) ( 19a) 
(= 


(Oh) ie (or. 4(*)~1-3(2)- ie (S)- 


(19b) 


0, the two positive 


If y=1/5 these are in error (in the most unfavor- 
able case n=1) by less than one part in 10°. 
From tables of Hy, (7) and J; (4x) for r>0, it 
may be verified that the first member of eq 19a 
is & monotone increasing function of (nm/y), so 
the inequality (eq 15) is true. 
In the two-dimensional potential (v=—1/2) 


H_,,(t)=iF(t) (2) 


and 
9\% 
(2) / — FET) (#) acs —it, 
H®), (t) = —iH® (t) eh é 
2\" 
J)=(5) cos t 
and 


2\* . 
Ji(t)=(%) sin t, 


so the analogues of eq 19a and 19b are 


—2ne 


(a a ed nan ed (20a) 
nw ing ine =m 
(Fan (Fa 


" + (20b) 
Journal of Research 








4 
H 





ie latter being also a monotone increasing func- 
‘on of nw/y as in eq 15 with +1 as upper limit. 
For small values of y we may place the second 


9 « 


Xx?=5,> 


») x 
- . 


3 2 2 
Tw (ayi.— ay) n=1 


2 ea yar 
no ai S( 
a” (a. @,) . 


s this is 0/0 but is determinate, 


we 2[802)-Cx)r (Cry) ew 


where S(w) and J(u) are defined below. 


For k 


The expressions (eq 2la and 21b) are, for all 
practical purposes, exact in the two-dimensional 
1/2, but as shown by eq 19a they may 
0 by a part in 2,000 
However this corre- 


cuse Vv 
be in error for the case v 
when y is as large as 1/5. 
sponds to an error of 2 in 10° in capacitance so 
that eq 2la and 21b are sufficient in either case. 
To the same approximation, eq 18 becomes 


Sv » —coth —_ 
Le _— Yas (21¢) 
2yas 
] 


S(u)=>S° 
— n(n? + u?) 


M [0.577224 Ry(1+ iu)] 
(22a) 


. ~»  (22b) 


T(u) =—D,2S(u) =~ 
“<n (n?+-u*)? 

d ’ " , 
where y(z) d- log I (2). From the asymptotic 
expansion of the psi-function it is found that when 
vis large S(w) vanishes with the asymptotic expan- 
sion, 


. 1] 1 1 
S ~ oO Ly?) 4+-0.57722- > 
(u)~ 9 [; log (1+ u*) 4+-0.577 a | 


23) 


For value of uw as small as 1 this formula is in error 
by less than one percent. 

We have to compute S(u) and 7(u) for values 
of u from wu slightly greater than zero up to u=1 
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member of eq 19a equal to 1, (as is very accurately 
the second member of eq (20a), which gives by 
eq 6 for both values of ¢, 


Eley ter] 


a 


aj e | | 
n [ ue +/( = y] nf wt) Ip (21a) 
)—a2s( = )] : 


or 2. For this purpose we may get more rapidly 


converging series by use of the identity 
n° u y'° 
(n?+- u*) 


1 1 ww 
n(n?+u?) n® n>’ n 
© 
Since >* 


n=l! 


ua; IS accurately known, we find 


S(a) 20206 — 1.03693 uw?+- 1.00835 ut*— 
1.00201 uw®+ 1.00049 ut —u'” > . (24a) 
Be - aj, n(n? 4- u?) 
and 
T(u) = 1.03693—2.01 70 w- 3.00602 ut— 
4u° > —3u° > (24b) 
“=i n(n? + u?)? nal n(n*+u*)* i 


Ill. Application to Capacitance 
The surface density of charge on the bottom of 
the hole or slot is a function of &(=p/a), given by 


a a : re", (aé) 
2rac (D,V)..0= 2 - 5 “elas 


2 = sinh BagJ,.,(a;) 
The charge on this circular face of radius a is 
~) ws 


*a 
Q=2 | odp=a>d : : 
d aa 0 — poy | Ms sinh Ba, 


The charge on the bottom of the slot, (whose width 
is 2a) and per em length of slot, is 


°a - r 
, 9 / se s " 
- oC ; 
@ |, Pe 4a, sinh Ba, 


The coefficient of capacitance, C, between the 
plane z=0 and the bottom of the hole is given 
(in em) by 


CS 2, 


= —. where J,(a@,)=0. (25 
a ‘=a; sinh Ba, J,(as) 
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In the two-dimensional case, the coefficient C’ per 


unit length of slot is given by 


- 
aa N - , oe 

S — » where cos a. =0. (25a) 
— a, sinh Ba: 


a’ =(s—})* 


af 


The coefficients, x,, are solutions of eq 9 given by 
eq 17 and ¢, are similar functions of ai. 

The two infinite, parallel planes with separation 
¢ (fig. 1), bring about a uniform electric field at 
points between them, which are far from the edge 
A, of the hole. To approximate this with small 
planes, they must be close together. Hence one 
restriction which, in the nature of the case, must 
always be made is that y, (=ec/a@) is small. A 
second restriction that may be made, and which 
further simplifies the computations, is that the 
There would be no 
practice if these restrictions are, 


hole is not relatively shallow. 

hardship in 

roughly 
O=<y=c/ax1/5 (2ia) 


1=<B=(b—c)/a< a, (26b) 
wv; are of 
the order of magnitude of unity, but they are by 
no means of equal importance in the formula for 
By reason of the second restriction, 


By reason of the first, the constants 2,, 2, 


capacitance. 
the denominators in eq 25 and 25a are such pow- 
erful convergence factors that the second term of 
of the series is less than 2 percent of the first, and 
any term is less than 4 percent of the term that 
Only two or three terms of these 
series are required, and the accuracy depends 
mainly upon the precision with which the first 


precedes it. 


constant 2, is evaluated. 
For this reason we retain in eq 17 only the first 
approximation 


a ss 
for s> 1. (27a) 


ya, 
For the important constant 7; we retain also the 

first series in eq 17 

(27b) 

where 


' "a 
ay ALXY 
€; (ya) ; 
k=l Ok 
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4a: 
(ya,)? >> — 
ee, 7 a, (coth Var} coth Ba,) 


or by eq 21 


ECE) [Pet ten } 


1 
where (2S 


; ver)_ (7) (2) 
s( T T T (29) 
a, (coth ya,+coth Ba; ) 


For k>1 


a,(coth Yar 


sen)" amas) oe 


P, coth Ba,) 


ay ay 


When 8 =1 we may place coth Ba,=1 for k 

| since coth a,=1.000. If we take nv just large 
enough to make ya,/z as large as 1/2, then ya,,, 
is of the order of 3/2, so that in the series defining 
R,., we may neglect variations of coth ya,. Also 
the term in eq 30 with factor aj (a?—aj) will then 
be negligible compared with the first terms so that 

Res y __ $y Stra, 


r(1+coth yans:) a4 (yax/t) 


We may estimate R,,, by using eq 25 so 


~ a, = 
2r(1+coth yay.) Rea =>S fc) (31) . 
k=n+l 


, . . 1 ‘ 
f(r) = . [toe (1+ 2°) +1.1544— } (Sla 
z 1-+-2 


where f (2), defined by this equation, is a positive, 


° ° \ 
monotone function of 2, which decreases slowly 
with increasing 2. 
At this point it becomes necessary to distin- 
guish between the two cases. 
In the three-dimensional case (v=) 
- 
u/e~k—-sz 
a, 4 f 
very approximately, so 
> Bus’ 
2n(l+coth yan JR y Qa Sly aes 
k=n+l1 | 
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the case »p=0. 


‘ ] 

\lso a,/m=hk—>S exactly, in the case y= —>5) so 
that 

9 ) Sy; l 

2r(1+coth ya,.,) Rasi=7 > (+ k—<= ) 

ken+l - 
he c 

In the case pv - 


The numerical value of the sum of a conver- 
gent series of positive terms which continually 
decrease, Say 

A= >> Fk), 
k=n+1 
represents the sum of the areas of the rectangles 
each of unit width and height F(-*). 
The positive, monotone function of z, 


y F(a 1/2), 


represents a smooth curve that passes through the 
mid-point of the top of each rectangle. 

When, as in the present case, this function 
decreases slowly with increasing z, the area under 
this curve from z=n+1 to z= is a good 
upproximation to the value A of the series, so 
that 


A > > Fik) 


k=n+1 


[> r(e—))as 


r w+ Ji 


Taking F(k) =f (7k) gives 


Y a, J ( = i) | f(a)dr 

k=n+i Tr - a, 1 ‘ 

¥( > +5) 

where 
32) 
en, i BD si 

_ Tg~n + 4 if Ja(a,) 8) 
n if cos a,=—0, | 


provided f(z) is a positive, monotone decreasing 
function of x for 
; a, 1 
r 7 ( T35 ): 


us ~ 


Hence from the function f(x) in eq 31 we obtain 
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l (0.154441 (leg+- 22) 


R, Te Vis T 
4nr(1-+coth ya,,,)¢ < 
1+2-\) - 
2 log ( = yi 33) 
where 
a 
J > ( + ) 4) 
“ie @ 
Equations 25 and 25a for capacitance become 
Ci (1 +e.) sinh ya, . 
> 2 y where J,(a, QO (35) 


a y= a’sinh(s+y)a 


] .(1+e,) sinh ya’ , — 
>where cos a, O (500) 


rf 


7 (a')* sinh(B+ y)a 
e,,e=—Ois l,y=c/a and B=(b—e)/a 
€,, €, computed by eq 24, 28, 29, 30, and 33 


From an examination of the effeets of retaining 
all terms in the second members of eq 19a and 
19b it is easy to ascertain that the error in eq 35, 
whatever it is, must be of the same order of magni- 
tude as that in eq 35’. The terms of eq 19a and 
19b, which are neglected, are estimated to produce 
an alteration less than 2 in 10° in capacitance. 
The error in eq 35 and 35a increases with y, vanish- 
ing with it, but is practically independent of 8, 
for 1=B< ~. 
lower than the correct value. 

To estimate the error we apply eq 35a to 
compute #C’ for the case of a standard capacitor 
constructed here, which approximates to the 


The computed capacitance will be 


two-dimensional type. Its dimensions are 


a=0.8540 em c 
1 0.23419 
c—0.2000 em > so a 
B b—c)/a=2.2178 
b—e—1.8940 em 


By eq 28, taking n=4, 


6, — 0.00873 [> P, Ks | 
k=1 
P,=0.194; 
P,=0.101, 
P,=0.057, 
P,=0.034, 
R.— 0.096, 


‘ 
0.484=S>P,+R; 


k=1 
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This gives ¢,=0.00423. 


Ww 


It was found that with n=10, the sum [DP t 
k=1 


Ry | gave a value of e, so near this as to affect the 


capacitance by less than two parts in a millon. 


The result of computing #C’ by eq 35a is to be 
compared with that given by the exact equation 
(eq 48) to be derived below. The constant & 
appearing in eq 48 is given by eq 43a, which gives 


9 -!1 


§ : tan Y 0.146454,. 


xC’ 
by eq 35a by eq 48 
Ist term 0. 027 795 0. 027 8108 
2d term . 000 005 . 000 003 7 
3d term . 000 000 . 000 000 00 
rl" . 027 800 . 027 814 5 


Equation 35a here gives C’ too low by one in 2,000. 
Another computation for a shallower slot, 8=1, 

with the same y as above gives a coefficient of 

capacitance C’ about seven times as large. 


«C’ 
| = 


by eq 35a by eq 48 


0. 192 142 
. OOL 537 
. 000 026 
. 193 707 


0. 192 688 
. OO1 146 
. 000 000 
. 193 834 


Ist term. 
2d term 
3d term 
OS os 


Hence we expect the pacitance in case of the 
cylindrical hole computed by eq 35 will also be 
lower than the correct value by about one in 2,000 
(if y=0.2). This is probably less than the experi- 
mental error of the comparison of such very small 
capacitors. 

If a precision greater than one in 2,000 were 
required, this might be found by retaining one 
more series in eq 17 for 2, that is, 


A i Ag 2 ay  ¢.. 
n 1 1+ (ya,)? >> 4 1 +y¥'a? >> A = t. 
yu k=l Gy k=l Ge 


A 
sn [1 ret 5,] 





where 


6=y'a7 ALN ii wat yt Sa, AX. >. 
k=1 Oe k=1 @kes=l 
where .X{? is given by eq 21a, A, by eq 8. 
For y=1/5 eq 35 gives values of C that are too 
small by one in 500 neglecting both «, andé,; and 
too small by one in 2,000 neglecting 6, only. From 
the computations given it appears that 4; is about 
1/8 of «. The approximate evaluation of 5, by this 
double series would require an evaluation of each 
remainder, as in the single series for «. It would 
require much labor for small gain. 

An alternative estimate would be given by mak- 
ing a plot of the error in eq 35a as a function of 
y from y=0.1 to 0.5 all with B= This could be 
taken as an estimate of the error in eq 35. 


1V. The Two-Dimensional Potential 


Let @ (x, p) be the two-dimensional potential 
that vanishes on the plane z=0 and has the con- 
stant value + on the guard-conductor and on the 
base of the slot. Its conjugate function y (z, p) is 
zero on the z-axis. Let y¥, and ¥, denote the value 
of y, at the points A; and A, respectively. The 
capacitance C’ per unit length of slot is propor- 
tional to ¥, for the surface density o of charge on 
the base of the slot is given by 


O¢(z, p) .... 
4ro = 1. dp V0, e), 


so the total charge Q’ upon the base of the slot, 
(of width 2a), per em length of slot is 


,_ tr 1 (* dvb, p) v, 
Q f- a(p)dp =I, dp dp on 


The coefficient of capacitance C’ per cm length of 
slot between the plane rz=0 and the bottom of the 


A (em) or rC’ MA, 


slot is C’ PS 
us at 


To find y, we first obtain the complex potential 
w=¢+ iy, 


which may be considered a function w (2) of the 
complex variable z=. + ip. 

To do this, the dielectric region (1)) of figure 
2a is first represented conformally upon the 
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Figure 2. Dielectric volume. 


A, Plane of 7= X+ip; B, plane of t=re**, eq 38; C, potential strip 
w=o+ip (eq 47). 


quarter-annulus of figure 2b defined by the plane 
polar coordinates 


and 0<@< ae 


lhar< 


The conformance is indicated by similar letter- 
ing in figures 2, a and 2, b. This region (D) may 
also be represented on the semi-infinite, potential- 
strip as shown in figure 2, ¢ where 

0<o<9r and 0<y< o&,. 
The mapping equation we take is equivalent to 


Ii (Co tO) delfoth) 
81 (fo— OF) Bal Fo— $F) 


We 


; (37) 


4aie, . 
~, +i log 
and the potential is equivalent to 


D1 (Fo 4-6) d2(Ko—f) 


) i log 
© 91(So—f) Oalfo+f) 


. SN (Up + U)eEn(Up— U) 
i log where u 
CN(Up t+ U)SN(Up— U) 
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One is led to the equation of transformation by 
well-known methods, but for convenience of 
numerical computation, it is better to use the 
series that are equivalent to eq 37 and 37a. By 
this method the discussion of the equation of 
transformation and of the potential may be made 
without any reference to, or knowledge of, theta- 
functions or elliptic functions. 

Accordingly we take a complex variable, 


t re’? et e.iru K 
and start with the equation of transformation, 


fy , ¢—e*) (t+e*) 
yw 

hy Of (t— e~ %) (t 6 109) 
= gi"(t-"—0") 

4>>! ja aim 206), 


nai 2n(l—g*") 


~ (z—b) 


= 2 log (qt)—vy 


(38a) 


where the positive constants, 0<q<1, and the 
Ps ° 
angle 4, ( 0<Hm< 5 ) are to be found in terms of 


the given constants 


c b—c 
=—and p= . 
vs B a 


Since 1< |t! =r< 


Ba a : ; 
: in figure 2b the logarithm in 


eq 38a may be expanded in a series so that 


at ( Sam : y — 
(c—b) =2 log (qt) 


sl *— GO") cin 2 
4y 2 2nd —_"") sin 2n4,, 


(38b) 
which converges within and on the boundaries of 
the region (D) of figure 2b. Its term-by-term de- 
rivative converges within, but not on the are r= 1. 
t 
aries, eq 38a may be differentiated, giving 


( nt ) dz_., 4f? sin @ cos % 
2a) dt “11 (2+1)?—48 cos? 6 


4n -2n 2n 

re en fs 

2>5! in Sin 2nB |: (39) 
n=l pg 


; . d 
To obtain a series for dy Convergent on the bound- 


To establish the correspondence for the point A, 
of figure 2a and figure 2b, we place z=c+ ‘a and 


r 


and t=e? in eq 38a. 


( _,2Lete ] 


This gives 
(40a) 
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Also, since the point A, is the only point where 
angles are not preserved by this transformation, it 
is necessary that dz/dt be either zero or infinite 
there. Since z is continuous there, d2/dt must 
Hence the second member of eq 39 must 
vanish when t=e'*?. That is 


vanish. 


=. (—1)"*'q™ sin 2n® 1 
‘ - 0 
tan @+459 i = _ 


n—l 


(40b) 


These two equations determine g and 6, as fune- 
tions of B and y. 
If we write 


rT 
» 


~ Tr 
fo= 5 — % So O< f< i) 


41) 
\ ( 


then, eliminating q between eq 40a and 40b gives 
the following equation to determine & 


and y=tané 


» . 
é June B+ y 


fer 


: ~£.) ° 
Lc Se S) sin nw&, 
cot -, +42, | —¢- ane 7-960) 
n=l 


cot 6. (42) 


te 


A very accurate solution of this for the ease in 

which the slot is not relatively shallow (8 not small) 

may be obtained by using a few terms of this series. 
Thus it is found that 


= [3+ 1~*) tans |. 


rT win ey 
o--S sin’ 6 cos 6 € 


9 % 9 


yy L3G vf ar( . Jean 4 | Cx t[o+(1-F una] 
(43a) 


es. 16. 
where C;=1-+4 sin’? 6—,, sin*® 5 cos 6+ - sin* 6. 
» . 
Also (C, <32, so the term in C, is negligible 
when 8=1 and 4 is small. 
When @ or & is computed by this formula, the 
parameter q is then computed by 


q ‘ w(Bt+y—vk0)/2. 


Since t= re", eq 38, gives xz and p as functions 
of r and @ by series that converge in (1), and on 


its boundaries 


r 6,2 
r p) 
- at, & (a) 
244" [(gr)-*"— (qr)*"] _. 
rely at | sin 2n8, cos 2nd (44a) 
® nal n(l—gq"") 
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p 20, 2y S'la) ithe (qr)*"] 


sin 2nO) sin 2n4 
6 @«* #4 n(l—q*") " 


(44)) 
and 0<@=772. 


l 
for lx=r= ; 


The complex potential is 


a a { (qt) ~@"-) — (qt)?" ‘| 


~~ J , 
w—4>> she sin (2n—1)4 
= _ (2n -1)(1—q™ *) " ’ 


(45) 


which resolves into the two real equations 


neal Sy" ‘I(er)-@-» (qr)?""] 
—t (2n—1)(1—q*"~*) 
sin (2n—1)@ cos (2n—1)0 (46a) 


(2m—1) 4 (qr)*" y 


x 2n—1 . 
4yo9 [(qr) 
V4 o 1)(1—q**~*) 


n=1 (2n- 


sin (2n—1)@ sin (2n—1)8. (46b) 


The constant A,) corresponds to r== 


vy; (at 
ly 7 
q é 
The constant yp (at 
T 
> 


«l,) corresponds to r 
1,6 


If these two positive constants are determined 
thus, the equation that maps the region (1) of 
the z-plane conformally upon the semi-infinite 
strip of figure 2e is 


e (* /cos w’+cosh wy , , " 

2 ; dw’. (47) 

r Jo \V cos w+ cosh y, 

To prove this we take the complementary mod- 
ulus of the elliptic function of u in eq 37 as 


tanh ¥2_ tanh vi 
k’ 7; 
tanh ve + tanh v1 


and determine the constant wu) by 


i 


2 


SNUPCI Uy 


K 
where 0<uy< 5° 
dnuy 


l 2 

x (tanh ¥24 tanh 
Details are omitted as we do not make use of the 
relation (eq 47). 


From eq 46b we obtain ( placing r 


l T 
: and 6 *) 
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iby) 
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ite 


«+ 


i 
: 
‘ 





VY; ty | JS ah ‘sin (2n 1) A, 
in : 


Qe Whe Qn l)(l—q *) 


Henee the coefficient C’ 
rth of slot is given by 


of capacitance per unit 


au A S.(—1)"*'g?""! sin (2n—1)4, 
us 
eo (2n—1)(1—q” 
a S a , 
Or letting a, = (2s—1) 5 this may be written 


. . < 
c’ ~~ COS a, Ey (48) 
Sa: sinh a! (B+>4 5s 
ja a Y— Y&o) 


where & is the root of eq 42, which may be com- 
) ited by eq fa. 


1 


the precision that may be desired. 


This equation gives C’ with all 
This is the 
equation which may be used to find the error in 
eq 35a which would be of the same order as that 
in the three-dimensional formula (eq 35). 

The deeper the slot, the more rapid is the con- 
Although this 
series converges for any slot however shallow, it 


vergence of the series (eq 48). 


becomes practically useless for computation when 
3is small. 

To obtein a formula of complementary nature 
to eq 48, whose rate of convergence gets more 
rapid as the slot gets more shallow we may make 
use of a transformation, which introduces 2 pa- 
ameter gq, Which is found to be equal to yq’. 

in this case we transform the dielectric region 
wf figure 2,a, upon the semicircular annulus of a? 


plane, as shown in figure 3. 











Ficgure 3. 


Semicircular annulus for eq 49 


As in the preceding ease r and @ are polar 


coordinates and 


g=re~. 


but in figure 3 the range of r and @ is 
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qQar<l and 0<d< zr. 


The equation of transformation is now 


ine ‘tf : c ) log t4 log ( . = : 


Sai (ro "— 17g) (t-*—t") (49 
oat n(1—qy : 


The positive constants g, and ry where O0<q-: 
ry<1 are determined by securing the correspon- 


dence at wl, and the vanishing of dZ dt at <A, 


where angles are not preserved. These two 
equations are 
pea (ny (i-n b—e 8B - 
— , ’n Ua) 
7 I—q ( Y 
and 
8 r - 
q,—e 7 50b) 
l 
Let uy log or gq ee” 
q 
51 


| 
Uy log or foe ™. 
/ 
Then the two equations (eq 50a and 50b) may be 
written 


‘ sinh nu 


2 + a2a 
n=1 sinh wu, 
and 
T pu - 
u . 52b) 
Y 


Hence, eliminating uw, the equation that deter- 
mines uw, is 
sinh n(r—Bu,) y B , 


— > 
fal sinh nu, + 


”» 


The complex potential is 


WwW Q- ip 


: t 0 
i log ( | rt 


Tz .fb-e 3 qi (Yo r,)(t-"—?t’ 
2 ] - } \ 2 \ ‘ ! ‘ 0 
c ( c ) “9 = 


: T= rh ira 
At the point A,, t a) 
¢ ¢ Cc 
qi- 


Equation 55 gives 
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= 7+ (CT) log 233 DT gilee =) 


( n(1+qi") 


ra B 
c Y 


@ —_ n+l oo) 
“—oe (—1)"*! sinh NUy 
7 n cosh nu, 


(54) 


From this we obtain the following equivalent of 


eq 48: 
~>,| +: ' ~~ 
on ~ 
(55) 


where u, is a function of 8 and y determined by 
-o Mise ? . — i 
eq 52c. This may also be written 


(—1)"*' sinh n(#w— Bu,), 7 


n cosh nu, 


. a l 
rC"’ — 


8, (—1)"*"qi(ro"—re) 
ze 2a [? log at? 23 n(1+q7") } 
(56) 


where r, and g, are determined by eq 50a and 50b. 
For a relatively shallow slot in which 8/y is small, 
while x/y is neither very small nor very large, we 
find to the second order inclusive in 8 or q, 


B B T lo — 
25 ( I—>5, coth ") i—?’ (57a) 
where 
8 r 
; 8( 1—.- coth 
log ry “4 ( 2 )log ( 2y ) y 
aa y \y+Beothar/y/ © 4y sinh x/y 


(57b) 


This applies for a slot so shallow that formula (eq 
48) would be impracticable. 


V. Appendix 
Formulation of the potential as Contour 
Integrals. 
The generalized potential equation (where 
vO or v 2); 


: nap, re . 
(12+ TR) V+ - D,V=0, (1) 


has solutions of the form 
’ tr a. | 
(« , cosh — +C, sinh )e "C,(té), = (2) 
a a 
is any cylinder function of 


The constant ¢ is arbitrary 
The two fundamental equa- 


where =p/a and C, 
té with parameter »v. 
and may be complex. 
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tions, Which are satisfied by all cylinder functions, 
will be needed for reference. They are 


C,-1(t&) — C41 (t&) =2C, (18) 


Calle) + Cult) = Cult), ™ 
which are equivalent to 
D(eC,(t8)) =t#°C,_, (t8) 
(3a) 
DAE“, (t8)) =tE-"C, 4 (8). 
The cylinder functions here used are Bessel’s 


function J,(f) and the two Hankel’s fanctions 
H'}(t) and H(t). However, the latter will only 
be used in passing, so that since //‘) occurs fre- 
quently it may be denoted by //,(0). 

From the identity in ¢, 


9 
H()d(t) —Hipd (j= (4 
ont 
we obtain from the fundamental equations (eq 3) 
for the case t=a,, 
where J,(a,)=0, 


J! (a) —J,4;(as) and ima.H,(a,) 


= — 2/J,41(as) 


(4a) 


ath (t 
oa H ) _ when t=a,. 
Q2Si(t) = D2 (as) 


In all that follows it is understood that the ¢-plane 


is cut along the negative real axis so that 
—mr< arg t<ir. 
There is the identical relation 

2J,(t) =H,(t) +H? (t). (5) 


The circuital relations around the branch-point 
t=0 are 


H® (te-**) = —e’"H,(t) and J,(te*'*) =e*"'d,(t). 
(6) 
When |f} is large 
(-[+]:) ) 
H()~+ xi 
and q (7) 
= 2. ~i(: -[-+3 3) 
a "O~y nt p 
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clions, 
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sessel’s 
ic tions 
ll only 
irs fre- 


pene aee 


(eq 3 





(4a 


-plan 
» that 


( 5 


-point 


Y(t). 
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earch 











In certain cases the cut in the ¢-plane may be 
disregarded, for t-*J»(t) is an even integral fune- 


tion of t. Sinee v is here considered real and 
-1, the zeros of t-’Jv(t)=0 are real, at 
t-+a,(s=1, 2,3). If t-°F,(t) were another even 


the ratio 
Suppose 


integral function of ¢t, where o>—1, 
t-°F(t)/(J,) (t) is an even function of ¢. 
/(t) is another analytic function that may possibly 
have simple zeros at t=t,. 
If 
*Fo(t) 
AOA 


‘0 when t>o, 


the integral around a cirele of radius t =r, 


l t’-° F(t) 


Qri J f(t), (t) dt, 


will approach zero when r increases without limit 


and without passing through the points t=t, or 


By Cauchy’s theorem this gives (since 


Jo11(as), 


i F Ge. 


J (as) 


wv f° Fi (t,) Sal *F,(a,) ae 
ST.) a Jy41(as) f(as) tl — Qs) 
( 


Sa) 


This would be a trivial identity 0=0, only in the 
case Where f(f) is an even function of ¢. 


Taking f(t) =t—ty gives the identity in f¢, 


og 
. °F (as) 
7h A(t) ; : (9 
UF, St) =F (a? —t*)J,41(as) ) 
if 
t’-° F(t) 
Jit) 0) when to 


where ¢-°F, (tf) is an even integral function of ¢. 
Equation 9 applies when v and o are both real 


and exceed —1. Replacing o by »y+o and taking 


F..,(t)=J,4.(t,) gives 
1-0 J (ast) 
Ju) =25.05.-- (9a) 
41(a? —t?) Ja; (as) 
for any t, when 0<€: if —l<v and —l<»+e 


and when &=1 if —1<v and 0<e. 
The case of this (E=1, o>0) is a special case 
0 of the following, which is obtained by use 
of the even function of f¢, 
rte 
2 J,(t)] 


et uw’) ((P—p’) 
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tS ,40( yl? —p’*) 
( Ve— p’)’ te 
a’* J, .4(ya?— yp’) 


2I,(t)2 —— (9b) 
8 t= 1(a? —t)S,4;(as) (ye? it alas 
where —1<v, 0<o, t and uw arbitrary. 
Another case of eq 9 with F,(t)=G,(t): 
If t-°G,(t) is an even integral function of t (10a) 
and G,(t)/J,(t)--0 when t-> @ (tta,) (10b) 
then by eq. 9 
G,(a;) 
G,(t) =2 27.0) SeNG a) (10e) 


J(a?—t’ I y41 (ars ) 
It will be found that the infinite set of functions, 


Jv(t) 


u,(t)=—, p Where enn l.2.3....@), (ike) 
constitute an open set of normal functions for the 


positive real interval O0<t< @, That is 
OifkFs. 


fit {) (s*, )at a2 
(11b) 


Since the set is not closed, an arbitrary function 
could not in general be developed in a series of 
these functions, but eq 10c¢ shows that such devel- 


ifhk=s, 


opments are possible for a function G,(¢) satisfying 
the conditions of eq 10a and 10b. 

A function G,(t) would satisfy eq 10a if defined 
by a series 


y . am ‘ ; ‘ 
G,(t) =2. A(t) 2) - 9 2> 5 7,u,(t), (12) 
=i a? - t s l 
which would converge absolutely if 2, <es® for 


s>s) Where p<l. Letting t->a, shows that 


r.=—a,.G,(a,) Jys1(as) as in (10¢e). 


To prove the set u, is not closed it is sufficient to 


find one function f(t) (net a null-function) for 


which 


tf(t)u,(tj)dt=0 for every s(=1, 


A class of such functions will be found immediately ; 
one of the simplest is J, (ft) where 1<&, for it 
will appear that 


= 


tJ, (té)u,(t)dt=—0 for every s. (13) 


J0 


When eq 13 and 11b are proved, the following 
will be a consequence: 


301 


If @ (t) is defined by a series (eq 12), or having 
the character of eq 10a and 10b ts developable in 
a series like eq 12, then by eq 13 


| IG (OS, (te)dt=—O when ISE<_@e, (14a) 
but when 0=&< 1 
P G (ay) J, (at) 
| tG,(t)J, (t#)dt=9,(t) =2 5° (14d) 
“ . s=1 J? 1 @y) 


These two equations show that @, (4) is the Hankel’s 
transform of the funetion g,(£), which is zero 
for > 1, where 


Git) Eg. (E) J, (te dE. (l4c) 


Conversely, if, with a given funetion g,(£), its 
transformation G,(t) were defined by this equa- 
tion, the development (eq 14b) is the formula for 
developing g,(£) for O=£<1 in the series of normal 
functions -J,(a,é). 

Equation 14a also follows from eq l4ce by reeson 
of Hankel’s integral representation of g,(£). 
Finally the identity in ¢ of eq 10e would then be 
obtained by replacing J,(é) in the integral (eq 
l4c) by the second member of eq 9a with o=0. 

The equivalence of eq 10e and Ie as to estab- 
lishing eq 14a will be important to remember. 

To derive eq 14b for the case O=E< 1 we find 
by eq Ya with 0 


(i, (t).J,(ét)dt=2 >) , G,(Ndt 


0 s=1 Py41( Qs) 


nevi) f teJ,(t) 
Jo ay t 


9 ay), (ase) 


oe 
sel J, 4: (as) , 


| tu (t)G (tydt 
vu 


ote], (a é) - , 
9 sf s Py ss . » @ > » 
2 ] np2 | tu,(hue(Nat. by eq (12) 
sat Pvgi (Qs) k=l 0 


The use of the orthogonal relations (eq 11b) leads 
to eq I4b. 

We require next some transformations of the 
integral 


I tG,(t)J, (et) Wtjadt 


0 


assumed to be convergent. The function W (4) 
has no singularities in the immediate neighborhood 
of the real axis of ¢ and is an even function of ¢. 
G,(t) is defined by a series (eq 12), so that it has 
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the same circuital relation around the brancl)- 
point ¢=0 as J,(t), that is G (tet) =et"G(y), 

As a first step displace the path of J slightly 
downward so that it goes from 0—i0 to © — ij) 
just below the positive real axis of tf. After this 
replace J,(é) by 


1 . - 
» (1, (et) + 7” (ét)] eq 5. 
Then 


I=. | tG,(t)11,(&t) W (t)dt + 


1 *w—i : , : 
= | tL (EET (Et) Wt). 


nn” 


te and take 
branch relations (eq 6). This 


In the second integral let ¢ 
account of the 
gives 


I tG, (IL, et) Wiad, 


l 
2 Jp 
where the path p begins at ¢ o+/ 0 anl 
continues above the cut (on negative real axis of 
f), crosses the axis at f= + 0 and thence to + « 

/ 0 below the positive real axis. 

For the next transformation leave J,(£f) in the 
integrand of J but break up G,(f). For this we 
may use temporarily the abbreviation F(t) for 
the even function of ¢. 


Fit)}=>5 ies 
guj Q,- x 
so that eq 12 is G,(t)=2F(t)J,(t) F(apld(t 4 


H(t). 
Hence 


I | "det F(t) Wt) EL at} 


| °° hig) QW QI? (hat. 
The substitution ¢=t’e~'* in the second integral 
works out as before, giving 


I [ 1.(t8) FiO) WEL (tt. 


Pp 


On restoring G,(t) by F(t) G,(t)/2.J(t) this gives 


-_ . , t 
| G(t)J,(et) W(tjdt 5 | tG, (ty) H(t) V(t) 
JO -—.’p 


"(t)dt 
Ji) Wit)d 
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» 


| dt | watt | +a a 
Jp e e+) +0—0 


lf the first integral converges, the only other 
assumption necessary for this transformation is 
that ¢-°G,(t) W(t) be an even, analytic function 
of tin a region that includes the real axis. 


= » [tein tcen Wine. (15) 
Pp 


Taking W(t) 


gives 


1 and G,(t)=u,(t)=J,(t)/(a?—t*) 


te , 
tu (td, (itdt=, 


J . 


| tu,(t)T1,(ét)dt 
Pp 


l | mt HAE) 
oP 


2ri a: —t* 


On the infinite semicirele above the real axis 


int. J, (t) 11, (ét) “0 if 1< t= @ 
-Lifg—1. 


Henee, closing the path gives 


- tuy(t)eJ, (et)dt 0 if 1<g=o@, which is eq 13. 


Similarly, 


lies ‘he J, (t J, (t 
| tu,(t)u,(tydt if oo | -[ | dt 
0 J0 a, a. 


] ( intH,(t)J,(t) 


2 , 2 a, ¢ 
p (a; —t) (a, —t) 


lt, 


» " 
2ri, 
which gives the orthogonal relation (eq 11b). 


The potential V(r,g), which satisfies eq 1, van- 
ishes in the plane «=0 and has the value 1 on the 
right hand boundary of figure 1, may be formu- 
lated in terms of its (unknown) values on the 
P<1. 


artificial boundary +=, 0<§ = 7 


Vie, 4) =1—f,(&) =1—E-"g,(é) for OSEX1 
1 for 1x=ixo, (16) 
where f, (1) =0=g, (1). 


Consider g,(£) the function represented by the 
series (eq 14b) and G,(#), its transform defined by 
eq 14e so that Hankel’s integral identity is 
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822521 cat ‘ 


fia J,(ét)dt=g,(é) when 0O<E=1 
J0 


0 whenlI=ixo. (17) 


Also the series (eq 10e) represents G,(t) for all 
values of ¢ and t-’G,(t) is an even integral function 
of t. Since g,(é) vanishes when £=1, its repre- 
sentation in eq 14b as a series of normal functions 


y 2S, (at) 


) is vali -O<E=1. 
o;(&) ital is valid for l 


The related set of normal functions, 


V2 4.1 (asd) 
J 4, (as) 


¥.(§) 


are suitable for the development of the function 
tef (kg '(¢ vat 
es, (&)=g (§)—F9.(&), 
s 


for it is known by the general theory of these 
series of Dini’s type that a function that becomes 
infinite when &->1 may be so developed provided 
its integral converges. The formula is 


Eid. (at ES (Ede. 


a ~ : (ag) (°! 
ef) =2 dy Fes | 
: J? 9 


s=1 ,1 (Qs) , 


That is, 
g(t) —~9.(t) = 


20 
9 > | 
ad 


J 1 (a@s&) "1 , v 
} . . tJ... (ast) | g(t) —— 9.(&) I dé). 
s=l * # (Qs) |, - HS es Y. ie é, gy ot - 


By integration by parts the integral is found to 
be 


77 
— | {arse ye , ‘ 1 (as&,) T (Vt 1) J... (asés) ] gy (E,)dé;. 
J0 


By use of eq 3 and 3a this reduces to 


— | Eg.(E:)eI,(astsdbs, 
“o 


which is —a,G,(a,). so that 


d 
» fe- ia —— 
Sy dé is 9,(&)] gs) 
>. a;G,(a,;) 
—aq,lt —2>° Jil. (IS 
¢9 =) ot Fee) 1 s/ 
which is valid for O<&<1. As £1 this series 


converges to values that increases without limit, 


303 

















as it must do to represent the function on the 
left in whieh f(g) and gi(g) go to —@. This 
method of derivation of eq 18 proves that it is 
permissible to make term-by-term application to 


eq |4a of the differentiating operator eS [é-"g.€], 


for this gives eq 18. 

To test the convergence of series and integrals 
representing the potential, and to make certain 
transformation of these integrals, a knowledge of 
the principal term in the asymptotic expansion 
of G,(t) is required. These may be derived from 
the well-known fact that if the interior angle at 
A, in figure | is @, the potential in its neighbor- 
hood must vanish like A (1—£)"”. Since @ is 
3/2 in this problem, consider the comparison- 
funtion 


& f(t) = Ag (1—#)** where A,>0. (19a) 


gv(§) 


Its transform is 
— Pe 
G,(t) A.| ety —e) ‘S, (té dE. (19b) 
J0 


Hence 9,(£) is represented by a series like eq 14b 
and also by eq 18 


, se ©, a,G,(a;) 
7.(E) “ 9.(&)=— 2 >) a Seas (act) 


— Ye 
‘ { J? (as) (1 " 


In the actual potential in both cases y=0 and » 
—1/2 the potential must vanish at A, so that g, 
vanishes like the comparison-function 9, (£) when 
&-1. Consequently there must be a finite limit 
L, such that when £1 


7(t)=e~—wo=—f,, 


g(g) 


This finite constant ZL, may be positive, negative, 
orzero. Its value is not required, nor is that of 
the positive constant A. 

If we subtract from eq 10c¢ the corresponding 


identity, 
—_ = a,G,(as) 
G.(t)=2J.() 2) 2") jar 
we get, after multiplying the resulting equation 
by @/J,(t), 
e1G.()—G.0)__ ash pa Siena 
Jt) rs Ohare i— re 








Subtracting eq 19a from eq 18 we get in the limi 
(since 9,(£)->0 and g,(£)->0 when £1) 


limit - ? 
&—1 [gi () —gi(é)]= - —o =L, 


“_. 1G,(a,)—G,(as)], 


= DP 


223 Tnas(a.) 


which shows that the second member of the pre- 
ceding equation approaches some of finite limi: 
L, when t-> without passing through any zero 
a, of J,(t). 

Consequently the principal term in the asymp- 
totic expansion of G,(t) is contained in 


— * 
G,(t) ~G,(t) + a Jt). (20) 

To see which of these two terms is the impor- 
tant one, we may find G,(¢) by application of 
Sonin’s integral. If o and »v are real and o > 0, 
v>—1, while ¢ and uw are arbitrary, Sonin’s inte- 


gral is 


(ip)! a | 
J0 
—1 


e ¢ 


, 


“cos’t 'p sin "Oo J,_\(ip sin d)J,(t cos ¢)do= 


tS 4.6 yl —p*) 


21 
( \ ft? i gtyrre ( } 


which becomes with u—0 
71 7 / 2 @ 
| e'\(1—) 1, (et) dé (ZY Forel. (22) 


Hence taking o= 5/3, eq 19b gives 


3 1, Laef 2\** 
G.0)=5'() J,45(b). 
When ¢ is large this is the important term in eq 20 
so the asymptotic expression for G,(t) may be 
taken in the form 


a Gilt) 


J,(t) 


~constant when (> (ta,). (23) 


If the interior angle at A, of figure 1 were any 
other than @=3/2, say r<@< 2” the factor t” 
would be replaced by t'**’”. 

The formulation of the potential will be im- 
plicitly in terms of g,(&) but explicitly in terms of 
its transforma G,(¢). 
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All that is assumed as to G,(t) is that (-’G,(t) 
, an even integral function of ¢ with asymptotic 
expansion (eq 23). 

If y=c/a and B=(b—ec)/a, the potential in 
region | may be written as an integral over a 
path p,, which encircles in positive direction the 
positive real axis of f, (all the positive zeros 
t=a, of J,(t)=0). 

In region | 


, ad J,(té) sinh (b—.2)t/a 
) —* G, At . 

Vir,8)=1 » | taint eat 
(24a) 

In the combined region IL and III 

ee! ME a ( : J,(té) sinh st/a 

Viz, )=2-"5 OHM Jip) aah 4 dt. 
(24b) 


To show that this potential is everywhere con- 
tinuous and satisfies the required boundary con- 
ditions, consider the first integral in eq 24a. 
This vanishes when s=6 and again when p=ea 
(£=1) since the denominator .J,(f) disappears, and 
the path p, then encloses no singular points. At 
the internal boundary s=c the integrands in 
eq 24a and 24b become equal. Also, since the 
denominators sinh st and sinh yf disappear the 
integrands have no singularity above the real axis 
of t so the paths p and p, become equivalent. 
Consequently the potential is continuous at 
z=e, O=é=1. 


<< 
The integral in eq 24b and the potential vanish 
when s=0. To see that the integral (eq 24b) 
also vanishes when £-> ©, reference to eq 15 shows 
that eq 24b is equivalent to two other integrals all 
equally valid in the combined region IL and III. 


sinh zt/a 


De 
sinh yt dt (24¢) 


" a. 2 
V(a, &) a f 1a. H(t) 


and 
sinh at/a 


9 
ak a dt. (24d) 


V(a, &)= =—é ‘| tG,(t) J, (té) 
e ) 

By eq 23 the path p of eq 24c may be closed with 

an infinite semicircle above the real axis of t, when 

f>1. It encircles the poles at f=ina/y where 

sinh yt=0, so that 

in region III (0S2e and aXp= & ) 


VG@, §)= = +S > (=1)" sin ("2*)("7) 


n=1 
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H.("" 5) G,("), (25) 


In region IL where OSE< 1 it is eq 24b whose 
path may be closed with the same semicircle. 
The path then encircles two sets of poles, the set 
where sinh yf—0 and the set t=a, on the positive 
real axis of f. Hence in region Il (where 0Ss=e 
and 0<p=a) eq 24b is equivalent to the series 


V(r, &) —— 2g" > Ga) I Aa, sf) sinh ra, a 


ry | J,? (as) sinh ya, 
TE SN yn gin (BE inn 
y oi) sin ( c )( ¥ )u. 


(26a) 


(= , (ine J, (inrt/y) 
_Y¥ J,(inr/y) 


Similarly in region | (where exr=6b and 
0=p=a) eq 24a is equivalent to 


© Gv(a,)J,(aé) sinh (b—s)a,a 


V(z,£)=1—2¢-"0 


o=1 J*,.;(a;) sinh Ba, 
(26b) 
From the last two series, we get the series that 
states the continuity of D,V, 


c?’[(D,V) --c10—(D,V), c-ol 
©. J,(a,é) Gla) 
22 ak [ve (coth ya,+coth pa) forest L 


ga, Age v41( Os 


ads (27) Zornseiy) (8) 1, (**) a, (*)- 


n=l Y J, (inn /y Y 
P=6, (27) 


which must be true only for 0<é< 1. 
For this interval 
on >>> J, (a,é) (28) 


s=1Qs Jr41(ae) 


Also by eq 9a with o=0 and t= ine v 


A - t 2 
J Aintily) yey A (ask) [ _. | (29) 


J, (ine Y) * FFaedJ 141 (as) a? +-(nm/y)* 
Placing these in eq 27 gives a series SOC yJ,(a.é) =0 
1 
so each coefficient C, must vanish. 

Hence the continuity of ),V at r=e requires 
that G,(t) be such a function as to satisfy the in- 
finite system of linear equations, in which, for 
brevity, 

1 _sinh ya, sinh Ba, 


—" pa Oo (30) 
coth ya,+ cothBa, sinh (B+y)a, - ) 


A,= 
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rr 


and 
a,G,(as) nn 
oe east (31) 
The system of equations (s=1,2,3, ... ©) for 


continuity of D,V is 


cs 


nala(inw/yH, (ine 'y)) _, soe . 
Z;- A, » ; tf — -(32a 
. i Y Yas 


ast (na)? +- (ya,)* 


The additional condition, that V(e,g)—1 for 
= >1 is the equivalent of the identity in tim eq 10c, 
which becomes 


inn — tan \, ry (99 
«( Y )- " J Y ) 2 nay? (ya,)* (32b) 


There is an infinite class of funetions G,(f) that 
satisfy eq 32a making ),V continuous. There is 
another infinite class satisfying the identity (eq 10c) 
(or eq 32b in particular). These make V(e,t)=1 
when p>a. The function common to both classes 
will be uniquely determined. The second condi- 
tion (eq 10¢ or 32b) could be replaced by the 
statement that G,(f) is that solution of eq 32a 
such that ¢-" Gt) is an even integral function of 
t with asymptotic expansion (eq 23). For this 
property is all that was required to show that the 
potential of eq 24a and 24b satisfies all the exter- 
nal boundary conditions and is continuous at 


‘r=e for OSE<1. Hence if eq 32b is true, the 


potential is thereby determined and D),V is con- 
tinuous. This potential is known to be unique. 
Writing for brevity 
X°G)—Xe G)= >i znainine y) Mink /y)J (ine /y)] 
. cs sat [(nw)?+ (yas)*] [(n@)?+ (vax)? 
(33) 


the result of eliminating G,(/nx y) between eq 32a 
and 32b is 
-_— A 
zZ,—-y'A,a, 2A) 2,=—» (34) 
ili = yas 

which was derived more briefly in the text. 

If the s™ eq 34 is multiplied by 2-J,(a,¢)/ 
avJ,,,(a,) and summed, this gives, by reference to 
eq 14b and 31 


<A , Jd, 9) G, 
9(—P D3 Dp2A er XY) Vek) |. Helen) _ 
k=ls=l! 


J, 31 (as) S41 (@x) 


24 Ag) (at) 
yo aid, 41 (Qs) 
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Since G.lar)= | &,9,(&, eI, (arpé, dE, this is an inte- 
0 

gral equation to determine a,(£) for OSE<1. 


re ba | _ r 2 = Ag, ( st) ‘ 
9.8) —¥ |, f g.(E)N (§, &:)dE, ps aaron 


s=1 
where ‘ 


, _ = = rir) A a8) I, (ares) 
NEE, £1) * 22 »» Avan ’ Io: (Or) Io41( rx) 





(35) 


It is known that the solution of this integral 
equation of Fredholm’s type is given by the 
method of Neumann-Liouville, in a convergent 
series of iterated integrals, provided that 7° is 
less than !A, where A, is the smallest characteristic 
constant, or root of the Fredholm determinant 
formed from N. The constants will of course be 
functions of 8B and y. This suggested testing the 
Neumann-Liouville method, which in effect is the 
method of successive substitution that was proved 
in the text to give the solution of the system (eq 34) 
for all positive values of 8 and y. Hence it may 
be concluded that \, is a function of 8 and y such 
that A, is always greater than 7° (unless N is a 
kind of nucleus with no eigen-constants). [It may 
be shown that this is not the case, and that .V 
has an infinite number of constants A, all real. 

For computation the system (eq 34) is disap- 
pointing, and, although it admits of a great 
variety of interesting transformations, these will 
probably all be unsatisfactory until someone dis- 
covers the appropriate normal functions for N or 
what amounts to an orthogonal transformation 
reducing the double series in eq 35 to diagonal 
terms only. 

In view of the fact that the potential problem 
for the two-dimensional potential (v= —1/2) 
admits an exact (though implicit) solution by 
conformal mapping with theta-functions it does 
not seem improbable that someone might solve 
the problem here formulated for general values of 
vy or at least for »=0. 

With this in view we add a few remarks and 
other integral equations, which so far have led 
nowhere. 


In the series of eq 34 we may place 


it tyeJv(t,) G,(t)) 


a, G,(a,) 
-— “Oy we—Ff 
: 1 


J 4:(ax) 


r dt, 
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at (Sener dt, 
p 


od —t5 


Hence if we multiply the s™ equation of the system 
eq 34) by 2J,(f)/(a,—f) and sum s=1 to @ this 
vives 

©, Aa, X')2,J,(t) 


G6.()—-22Sd5 — = 


s=lk=1 af —t* 


2J,(t) 2 A, 


Y %14;(a; —?*) 
Replacing 2, by the first integral above gives 


2.J,(t) — A, iy 


=i a,(a?— t’) 


G,(t)—7* ( t.G.(t,) M(t, t, dt, 


where > 


Mit,t) = —- Ava, Xe [272 }. [sz @). | 
=Ik Qu: 7— 


This integral equation satisfied by G,(t) for 
0<t @ is formally similar to its transform, the 
integral equation eq 35, which determines g,(£) 
for 0 E< 1. The nucleus .V (t, t,) is formed from 
N (& &) by replacing the normal functions 
J (aé)/J,.,(a,) in the double series by the normal 
function a,J,(t)/a?—t*). 

This set of normal functions is not closed, but 
this is compensated by the fact that the subsidiary 
relation (eq 10c) requires that the solution G,() 
be a function that is developable in terms of them. 

The series in eq 32a may be put in the form of an 
integral, for 





(36) 


dt, 


iF .. . l 
= [ t} coth yt,/7,(t,) G.(t) a? r, coth ya,— 
- Jp 


— 2 
> ne[r(ine y)H(inw/y)) G, ( un). 


Pa (nm)? 4 -(ya,;)* 
Hence the system of eq 32a is equivalent to 


a, tanh Ba, 


west 9 


| t,G,(t)) (yt) coth (yt) AL(b) 
/?P 


dt, tanh Ba, 


a?—t} Qs 


(37) 
Multiplying by 2 J,(¢)/(a@?—f) and summing gives 


yt, H(t) 2a, tanh Ba, 


J, At) 
7G 9 9 ‘ 2 
ro(t) + a | hG@,(h) tanh ty 7(a*—?*) (a? —ti) 
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dt,=2J,(t) 53 tanh Ba, | (38a) 


s=l a,(ae? —{*) 
which may also be put in the form 


> tanh Ba, 


s=1 a,(a? —€¢) 


7G,(t) +{ LG At) Kt, tdt, = 20,(t) 
0 


(38b) 
where 
Kit, t,) = 
yt, coth yt, p > 2a, tanh Ba, ls J ,(t) Aik; | 
(38e) 


One method of avoiding the system (eq 34) 
consists in assuming such an expansion in series 
for G,(t) that the eq 10e becomes an identity in 
t without placing any reductions upon the con- 
stants or coefficients of the assumed series. In 
that case the set of eq 32a would be the only 
equations to be satisfied. 

Such a form would be obtained for G@,(¢) if it 
is the Hankel’s transformation of any suitable 
function g,(&) as in eq l4e. 

Sonin’s integral suggests a form for g,(e) that 
contains an arbitrary constant » and arbitrary 
parameters o. 


If 
onm—l 
g-(€) =(in)'~° p> B,&'(1—#) : ¢ m1 (he yi—é) 
(39a) 
where ¢,25/3 
Then Sonin’s integral (eq 21) gives 
Sous an 
G,(t) =t’ = B,, mi vt w), (39b) 


re t2— y2)*tem 

With this expression eq 10c¢ would be an identity 
in t without placing restrictions upon the con- 
stants B,, (other than required for convergence). 
This may be verified directly by use of eq 9b in 
eq l4e. 

If G,(t) is defined by a convergent series (eq 39b), 
then ¢-’G,(t) is an even integral function of ¢. If 
the smallest value of o,, is 5/3, then G,(t) has the 
asymptotic expansion of eq 25. 

The set of equations (eq 32a) become the follow- 
ing set to determine B,, 


Od nia ( —_ *) —, 
m 3. all = & > 


{- Ad ous (Gs )(ya?— yp? t)rte, n= 


DB, 
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nme (ine/y)"*'H,(ine/y) J, ru iV (G+ u’)| ; 
corona 








(39¢e) 
eme].2,3.-. 
Taking »=—0 and o,=—m/3 (m=5, 6, 7, 
m 
ey B (1—€é*)% , . 
—9rS - ee. (40 
g(§) = 28 2 ym 3P(m /3) ” 
G,(t): > B,,t ” "Jose a(t) (40b) 
m=5 


2 A, mj3(@s) 
> Bn eT = se 
m=5 A,a} J 41 (a@s) 


\ 


nrH, ( = 0 a nw Y) 
1 ee 1 
® Zw m » (40c¢) 


=1 1 2 
inn \* eee ; ya, 
( =) [(nw)?+ (yas)*] | 


which might require less labor in computing B,, 
than is required to compute z, from eq 34. 


@ 


Wasuineton, January 23, 1948. 
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Properties of Aqueous Solutions of Perchloric Acid 
By Langhorne H. Brickwedde 


Several properties of the sysvem HC1O,-H,0 for concentrations of HCIO, varying from 0 


to 70 percent by weight have been measured from —60° to 4+-75°C. These properties in- 


clude density, viscosity, electrical resistivity, and freezing temperatures of the solutions. 


An empirical relation between electrical resistivity, kinematic viscosity, and temperature has 


been found to be of the same form as the relation which Vinal and Craig found for sulfurie- 


acid solutions. The properties of perchloric-acid solutions of interest for battery work have 


been discussed. Some measurements of electrical resistivity of solutions containing the lead 


salt formed as a perchloric-acid battery discharges have been measured. 


I. Some Properties of Aqueous Solutions of 
Perchloric Acid 


1. Introduction 


A study of several properties of the system 
HCIO,-H,O for concentrations of HCIO, varying 
from 0 to 70 percent by weight has been made. 
The density, viscosity, and electrical resistivity of 
the system have been measured from —60° to 
+75°C. The freezing temperatures of some of the 
solutions have also been determined. The work 
was done as part of the project on perchloric-acid 
and similar batteries for the Bureau of Ships, Navy 
Department. Four reports! were issued as the 
work progressed. These have since been declas- 
sified and made available for publication. 


2. Density 
(a) Apparatus 


Two picnometers of 7.8- and 15.5-ml capacity 
were used in making the density measurements. 
Each picnometer consisted of a spherical bulb and 
a small-bore calibrated stem. The volumes in the 
stems were respectively 0.00995 and 0.00487 ml 
per division. Volumes read with a hand lens were 

' (1) Resistivity of perchloric-acid solutions from +50° tc —60° C. Langhorne 
H. Brick wedde (May 1943). (2) Resistivity of perchloroic-acid solutions con- 
taining lead perchlorate, from +75° to —40° C. Langherne H. Brickwedde 
ind Belen G. Pardo (August 1943). (3) Densities of perchloric-acid s>lu- 
tions from +50° to —50° C. Langhorne H. Brickwedde and Belen G. Pardo 


January 1944). (4) Visecsity cf perchloric-acid solutions from +50° to —0 
( Langhorne H. Brickwedde and Belen G. Pardo (August 1944). 


Aqueous Solutions of Perchloric Acid 





estimated at 0.05 division and easily repeated to 
0.1 division. Two observers read volumes for each 
determination. <A precision of 0.1 division cor- 
responded to 0.01 and 0.003 percent, respectively, 
of the total volume. Calibrated weights were 
used and all weighings were corrected to vacuum. 

The temperature of the solution in the picnom- 
eter was controlled in a clear Dewar flask or a sil- 
vered Dewar with a clear strip. At + 50° and 
+25° C water baths were used; at 0° C, an ice 
and water bath; and at —25° and —50° C, 
aleohol cooled by the addition of small pieces of 
solid CO,. Except for the ice bath, a motor- 
driven horizontal stirrer and a hand-operated 
vertical stirrer were used. The baths were main- 
tained at the desired temperature for 20 min before 
measurements were taken. A series of five or more 
temperature and volume measurements were then 
made over a period of 15 min or longer. Tempera- 
ture variations of 0.2 deg C introduced uncer- 
tainties in the densities of only 0.01 percent. 
Except at —50° C, the temperature was easily 
controlled to 0.2 deg, and the mean of a series of 
measurements was probably affected less than 0.01 
percent by temperature variations. At —50° C, 
the temperature variations were somewhat larger 
but probably affected the density values by less 
than 0.05 percent. Temperatures above —30° C 
were measured with calibrated mercury-in-glass 
thermometers with 0.1° or 0.2° divisions. At 
—50° C a calibrated toluene thermometer with 
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1° divisions was used. Corrections for the ambient 
temperature of the emergent stem were applied. 

The composition of the solutions, expressed as 
percentage of HCIO, by weight, was determined 
by titrating two weighed portions of each solu- 
tion, except for the 45-, 50-, and 55-percent-acid 
solutions. These three, together with the 40- 
and 60-percent solutions, were made from the 
70-percent-acid solutions by carefully weighed 
successive dilutions. Since the composition of 
the 40- and 60-percent solutions determined by 
titration differed from the composition calculated 
for the dilution by only 0.05 and 0.03 percent, 
respectively, the calculated compositions for the 
three intermediate solutions have been used. As 
a check on the acid contents determined by 
titration, the densities of the 45-, 50-, 55-, 60-, 
and 70-percent solutions were measured. The 
average difference between the acid contents 
determined by titration and by density measure- 
ments, using the values of Markham [1]? and 
Smith and Goehler [2], was less than 0.03 percent 
acid, except for one solution. The acid contents 
as determined by titration were used in expressing 
the results of the measurements. 

Chemical analyses of these two samples of 
commercial perchloric acid used in the work 
showed them to be of very high purity. These 
analyses are given below: 


Sample identification. 70 to 72° of 609, of HCIO, 


HCO, 
Manufacturer General. Baker 
Chemical 
Co. 
Percent Percent 
Assay 70.9 64 
Nonvolatile matter Not >0.000 Not > 0.008 
Chloride (CID Not > OO1 Not > 0006 
Nitrogen compounds (as 
N) Not > O04 Not > 002 
Sulfate (80,4) Not >.005 Not > 005 
Ammonia (NH) Not 001 Not > 0006 
Heavy metals (limit 
0.0005°, of Pb) Passed 005 
Iron (Fe) 0.0002 0002 


Uncertainties in the composition may affect the 
density values by only 0.01 percent. 


? Figures in brackets refer to literature references at the end of this paper 
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The densities of perchloric-acid solutions con 
taining 9.69, 19.72, 29.17, 40.01, 44.97, 49.95, 
54.95, 60.00, and 70.02 percent of HCIO,, re- 
spectively, were measured at +50°, +25°, 0) 
—25°, and —50° C., the range of measurements 
of some solutions being limited, however, by their 
freezing points. Adjustments of the observed 
density values for the small differences of temper 
ature from the even values given above were 
calculated from the temperature coefficients at 
each point. For each temperature the densities, 
in grams per milliliter, were plotted on large 
seale against the content of HCIO, (fig. 1). From 
these plots the densities for every 5 percent of 
HCIO, were read and smoothed by plots of the 
differences. These density values are given in 
table 1. The values observed for the composition 
of the actual solutions are the points shown in 
figure 1. 


TABLE 1. Density of perchloric-acid solutions 


*Density at 
Percentage of HCO, 
(by weight) 


+ar C +25° C ee 25° C —° C 
g/ml gm! gm eiml giml 
7) 6 (O. GRA) > (CO. YUTL) > (0. 9uO8 
5 1.0150 1. 0257 1. 0308 
th) 1. 0437 1. 0560 1. 0637 
15 1. 0744 1, O8S2 1. 0986 
a» 1.1075 1, 1228 1. 1356 
25 1. 1433 1. 1600 1.1749 
a 1. 1821 1. awe 1. 2168 1. 2312 
35 1. 2243 1, 2436 1. 2618 1.2779 
” 1. 2708 1. 2008 1.3111 1. 3308 1. 3515 
ao 1. 3205 1. 3428 1. 3657 1. 38uS 1.4140 
mm 1. 3752 1. uuu 1. 4255 1. 4528 
Ae) 1 4349 1. 4615 1. 4807 1. 5208 1. 5500 
") 1. 4004 1. 5275 1. 5580 1. 5008 1. (300 
5 1. 73 1. 5068 1. §288 16620 (1. 606) 
7 Loe 1. 04 1. 60ST 1. 7306 


* The taduleted values are identical with those for the specific gravity 
referred to water at 4° C 
> Values for water are from the International Critical Tables 


Since for the viscosity measurements of the 
perchloric-acid solutions, densities were needed at 
several temperatures in addition to those at which 
the densities were measured, large-scale plots of 
the data of table 1 were made of density versus 
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" a 50 6 70 TEMPERATURE. * 
ENT HCIQ, BY WEIGHT 
Figure 2. Density of perchloric-acid solutions as a function 


Figure 1. Jsotherr f the densi or C- 
otherms of the density of perchloric-acid of temperature. 


solutions, 
TABLE 2. Enlarged table of densities 
(Values to more significant figures for certain temperatures are given in table 1) 


Density at 
Percentage of HC1O, 


+" C +40° C (430° C (425°C 420°C 415°C 410°C) oc -10°C —-aec —25°C —30°C -@rC -—arPC -wc 
gmi gml gml giml giml giml giml gml g ml gml gm gmil gml gm g,ml 
0 Oo 0.992 0.996 0.997 Ow 0.900 1.000 1. 000 . 
5 1.015 1.020 1.024 1.02% 1.027) 1028) 1029 1.031 
10 1064 «1.05 (1.054 056.0580 O61 064 81 088) 
15 1074 1.081 1. O86 1.088 1.091 1.093 1.095 1.008 1.102 (1.105 
2 1. 107 1.114 1.120 1,123 1.125 1. 128 1,131 1. 136 1.140 (1. 144) 
25 1.143 1.1505) 2157) 1.180 ° 1.163) 1.166 1.168) L175 SO (L855) (1. 189) ‘ 
30 1. 182 1. 189 1.196, = 1.200 1.204 1, 207 1.210 1.217 1.223 «61.238, 1.231 | (1.233) 
35 1, 224 1. 232 1.239; 1.244 1. 247 1. 251 1. 255 1. M2 1268 1.275 1. 278 1231) (1. 286 
40 1.270) 2.278) 1.2860 1.2901) 1.2045) 1.2085) 1.303 1.311) 1.318) 1.3263 | 1.331 1.335 1.343 1.352 
45 1.320 1. 329 1. 338 1.343 1.347 1. 352 1.356 1. 366 1375 1.384 1. 389 1. 394 1. 404 144 
» 1.375 1. 385 1. 395 1. 400 1. 405 1.410 1.415 1. 425 1436 00«(1 47 1453 1. 459 1.472 (1. 484) 
55 1. 435 1. 445 1.455 1.462 1. 467 1. 473 1.478 1. 490 1.W2 1.514 1. 520 1. 527 1. M2 1. 550 
oO 1.499, «1.510 «1521s, 1.5275, 1.583 1.539) 2545 (155K OSs. St 1501) «(1.508.613.6380 (1. 
65 1.567) «STR 150 586.603, 1.662 1.669 (1.682) (1. 696) 
70 1.634 1.645 1658) 1.664 1.672 1.678 1.6855) 1.699 1.7125 1.725 1.731 1.736 
* Values in parentheses are extrapolated and may represent solutions undercooled at the temperatures indicated. 
temperature for each acid solution. From these (c) Discussion of Results 
plots, shown in figure 2, the densities at inter- Some estimates of the uncertainties introduced 
mediate temperatures were read. These data are — into the measurements are discussed in section I, 
given in table 2. 2 (a) in connection with the description of the ap- 
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paratus. For values at the experimental tem- 
peratures of +50°, +25°, 0°, and —25°C, ie., 
those values given in table 1 (except for the 65- 
percent solution), the uncertainties are about 0.01 
The uncertainties at —50°C may be 
as large as 0.05 percent. For the 65-percent 
the uncertainties in the interpolated 
densities may be as great as 0.1 percent at all 
This is caused by the change in 


percent. 


solution 


temperatures, 


Taste 3. Differences between smoothed (table 1) and 
observed values of densities 
Percentage of (smoothed —observed) at 
HCO, (by 
weight +° C 42°C!) oC 25° C we C 
giml aml gmil aml giml 
1 0.0001 0. 0000 0. 0001 
» 0000 0000 0000 
wv ooo! 002 O0O4 0. Q002 
0 + 0005 +. 0004 +. 0002 0005 —0. 0004 
5 0000 —. 0001 oo2 +. (Wh + 0004 
w +. 0008 —, 0002 0005 —. 0002 
55 —_ 0008 0000 0000 0000 —. 0001 
rh) +-, NOOR 0000 0000 0000 +. nor 
70 0000 0000 0000 + U001 
Mean 0.0002, O.0001—9 O.000l«6 O.00m1, 0. 0008 
Deviation, % O01? O.00- O01» OO) « OOs 
TABLE 4. 
+e C +30 
Percentage of HC1O, 
(by weight) : van NBs- ; Mark- 
: 4: ° : 
— Wyk{4] van — ham [1] 
, 1906)" Wyk — (1941) 
g mi gm g ml g mi giml 
ti) 1044 1.0539 
15 
2» 1120 «1.1200 
25 
30 1, 1821 1180) «+0. 002 1.1965 = 1. 1965 
35 . 
40 1. 2708 1. 206 + 004 1.286 3«61. 2866 
45 
5» 1. 3752 1. 373 +. 02 1.395 1.3044 
SS 
"0 1. 4004 1. 495 +. 004 1.5215 1. 5218 
65 ‘ 
70 1.6344 «1.81 +.008 1.658 
Mean deviation (algebraic) +. 008 
Mean deviation (arithmetic 008 
Percent-arithmetic 2 


* Values are interpolated from those given by authors 


312 


slope of the density-composition curves betwee 
60- and 70-percent of HCIO,. 

The smoothed values (table 1) 
in table 3 with the observed values. 


are compares 
The mea: 
deviations between the smoothed and observe: 
values are only 0.01 to 0.02 percent. 

Density values at intermediate temperatures 
needed for the viscosity measurements are given 
in table 2. 
(reproduced in fig. 2) which justified the recording 
of four significant figures. The values are prob- 
ably reliable to about 0.1 percent. The permissible 
uncertainty in density values for the calculation 
of the viscosity data is greater than 0.1 percent. 

Several workers have previously reported a few 


These values were read from curves 


values for densities of perchloric acid solutions at 
several temperatures. Their data, or values 
interpolated from their data, are compared in 
table 4 with our measurements. The mean 
deviations between the our values and the more 
recent ones, those of Markham [1] and of Smith 


and Goehler [2] at +25° and + 30° C, are 0.01 and 
0.02 percent. The deviations of our data from 
the older values, those of van Emster [3] at + 15° 


and van Wyk [4] at +50° C, are somewhat larger, 
0.05 and 0.2 percent, respectively. Except for the 
data of van Wyk, the agreement of the values is 
satisfactory. 


Comparison of NBS density values with previous determinations 


Cc +25° C +15° C 
Smith : Smith ven 
NBs- and . Mark- NBS and e ia NBs— 
Mark- Goeh- 0S ham [1] Mark- Goeh- Qh brig) | van 
ham ler [2] ~ (1941) ham ler [2] : ( 1907) , Emster 
(1931) (1981) ipiiad 
giml gml gml gimi gml giml g/ml gml g/ml 
1.0257 * 1.0257 0. 0000 1. 028 1. 028 0. 000 
+0. 0001 1. O50 1.0550 +. 0001 1. 060 1. 060 000 
1.0882 * 10883 —. 0001 1. 093 1.093 000 
0000 1. 1228 1. 1228 0000 1. 128 1. 128 000 
11600 #11509 +. 0001 1. 166 1. 166 000 
0000 1. 2002 1. 2000 +. 0002 1.207 1. 206 +. 0O1 
° 1.2436 *1.2435 +.0001 1. 251 1. 25: 000 
—_ 0006 1. 2908 1.2907 +. 0001 1. 299 1. 299 000 
1. 3428 1. 3425 +. 0008 1, 352 1. 352 000 
+. 0006 1. 3900 1.3904 «+. 0005 1.410 1409 «+. 001 
1. 4615 1. 4613 +. 0002 1.473 1.472 +. O01 
—. 00038 1. 5275 1. 5277 ~ O02 1. 539 1. 9 000 
1, 5063 1. 5063 0000 «1.5966, 1.609 1.607) =+.002 
1.6574 1. 6644 1. 6642 1. 678 1.673 +.005 
. 0000, +. 0001 +. 0007 
0003 O00 Ls 0007 
02 ol 05 
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(d) Summary 


Values for the density of perchloric-acid solu- 
ions at intervals of 5-percent composition by 
veight from 0 to 70 percent (except for 65% acid) 
ire given at +50°, +25°, 0°, and —25° C in 
able 1 with an uncertainty of about 0.01 percent. 
The values at —50° C and all values for 65-per- 
cent acid are given with an uncertainty of about 
0.05 and 0.1%, respectively. 

Densities arrived at by graphical interpolation 
for a number of additional temperatures are given 
in table 2 with an uncertainty of about 0.1 percent. 


3. Viscosity 


(a) Apparatus 


The perchloric-acid solutions and the means of 
controling and measuring temperatures were the 
same as for the density work. 

The viscometers were the Fenske modification 
of the Ostwald type, as shown in figure 3. Three 
different instruments (sizes 50, 100, and 200) 
were used because of the wide variation in viscos- 
ity of the perchloric-acid solutions between + 50° 
and —60°C. The instruments were calibrated by 
members of the staff of the Lubrication Section 
of this Bureau. Because of the high precision 
of the perchloric-acid measurements made with 
viscometers 50/74 and 100/81, special attention 
was given to calibrating these instruments by 
flow tests with water and aqueous solutions of 
sulfuric acid. Viscometer 200/284 was eali- 
brated by flow tests with oils of known 
viscosity. These calibrations were for: 


1. Viscometer 50/74, a calibration curve relating 
n /tto L/P. 

2. Viscometer 100/81, n’=0.01592¢—0.638 1. 

3. Viscometer 200/284, »’ =0.09076F. 

n’ is the kinematic viscosity of the liquid and ¢ 
is the corrected time of flow in seconds. 


In all cases corrections were made to the ob- 
served time of flow to compensate for the effect of 
the difference between the surface tension of the 
perchloric-acid solution and the calibrating liquid, 
and for the effect of thermal expansion for tem- 
peratures other than the calibration temperature. 
Since surface tensions for perchloric acid solutions 
are not known, values were estimated from sul- 
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Figure 3. Fenske modification of Ostwald type viscometer. 


furic acid solutions. ‘This was sufficiently accurate 
because the compensations for surface-tension 
differences are small. 

Times of flow of the acid solutions through the 
viscometers were measured with a calibrated 
stopwatch. They ranged from 1.5 to 45 min. 

All values of viscosity have been referred to the 
most probable value for the absolute viscosity of 
water at 20° C as given by Coe and Godfrey [5}. 
This value, nuyo at 20° ¢ IS 1.002 centipoises 


(b) Measurements 


Carefully standardized solutions, containing 
from 10 to 70 pereent of HCIO, (referred to in 
section I, 2, a) were investigated at + 25° C and 
at 10-deg intervals from +50° C to the freezing 
point of the solution. The kinematic viscosities 
were calculated and large scale plots were used to 
get values for even temperatures and even com- 
positions. 

The absolute viscosities were calculated for each 
experimental point by using densities interpolated 
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from table 2. 
to get values for even temperatures and composi- 
tions. The smoothed values from these plots and 
the corresponding to the 
smoothed kinematic data were found to be in good 


Large seale plots were again made 


absolute viscosities 


agreement. The mean difference between the 133 
pairs of values gotten from the two graphics! 
treatments was less than 0.1 percent. The mea, 
values are given in table 5 and the correspondin: 
kinematic viscosities in table 6. 





Percentage of HCIO, (by 
weight) 


TaBLe 5. Absolute viscosity of perchloric-acid solutions 


Based on absolute viscosity of water at 20° C = 1.002 centipoises 


Absolute viscosity, centipoises, at 


+m ¢ we ¢ wee 25° € nw ¢ we? ¢ ow ¢ we ¢ —~pw ¢ — we? ¢ we ¢ uy « uy 4 ‘ 
0 0. M7 0.653 0. 708 0.800 1. 002 1, 306 1. 786 2.50 : 
557 662 NOs Au 1.004 1. 287 1. 743 2.47 ‘ 
lw ay 675 sIn wor 1.010 1. 280 1.714 240 
1 ine nye s2u be) 1.022 1. 286 1. 701 2.347 : 
” ow 715 A . 87 1. 043 1. 307 1.707 2.329 ¢ 
‘ 
25 Hal 70) aw) v4 1. 080 1.347 1.745 2. 353 : 
w nd TH vw 1.031 1. 139 1.418 LASIS 244 $415 
m ty Tu soy Lon 1. 108 1. 223 1.514 1.925 2. 572 3. Ss 
” S22 wm) 1. 11s 1. 224 1. 345 1.670 211 284 3. G28 5. SST 9. 670 18. 21 
wo 1.080 1.274 1. 305 1. a4 1 24 3.244 4. S82 7. 139 11. 8 2.13 
Mw Lowe 1. 271 1. 7 1.650 1.821 2. 2k 204 .wi2 -8(5, 732) 9.084 16, 22 
ns) ' 1. 324 1. 48 1. S87 2. 022 2. 237 2.819 3.077 5.14 7. 570 11. aa Ha4 
“ 1. 46 1.928 226 2. 2 2813 oo 4.715 6. 700 0 we 14, 25 34.70 Ww) Oy 345 
Os 2.076 240 2.913 $211 4. 4. 4523 Ao sw 12.37 19. 88 
70 2 639 4.04 5. 692 4.060 4.54 5. 675 7. 338 wu 14.19 22. 19 
* Value interpolated from curve 
Tasie 6. Kinematic viscosity of perchloric-acid solutions 
Kinematic viscosity, centistokes, at 
Percentage of HCO, (by = . - 
weight) I 
+m? € wr ¢ wc 25° ¢ 2° C wc Cc —w Cc -2° C arc) -4er Cc my? ¢ — ¢ 
0 0.54 0. 658 0. 801 0. 893 1.004 1. 306 1.786 2.9 
5 MY my 7s4 871 0. 978 1. 251 1. 691 2.40 
10 545 43 771 8 . 955 1. 206 1.611 2. 25 
15 M6 0 7H3 S305 937 1.174 1. 48 2. 130 
» 55 42 762 st4 927 11% 156 2. 0438 
25 bd H52 7H9 MO . 929 1. 152 1. 485 104 
w sve Hos TSH soy 046 1. 168 1.491 1.900 2. 78 
$5 60s (o7 ITs sol “sl 1. 26. 1. 525 2.028 2800 
“) my 743 soy WS 1. 039 1. 282 1. 612 2. 135 2.961 4.410 7.2 13. 47 
i 712 sls 952 1. 039 1. 139 1. wi 1.776 2.359 3.311 5.121 8. 52 16, 36 
") Tw 91s 1. 080 1. 1785 1. 206 1.65 2.045 275 *8(3.961 6. 226 11.02 
Mi 26 1.071 1. 261 1. 385 1, 525 1.97 2. 468 3. 398 5.000 7. 852 15. 72 4.5 
wo 1. 098 1.277 1. 509 1. 6575 1. 835 2.304 3. 025 4. 205 6. 239 10.17 21. 51 55.8 an 
65 1. 325 1. 46 1.832 2.012 2. 221 2. 79% 3. 4 5.11 7.47 11.91 
70 1.615 1. Sal 2.227 2 440 2. 64 3. 367 4.316 5. 79 8. 227 12.78 


* Value interpolated from curve 


The relation of the viscosity to temperature is 
shown by graphs of the observed points for each 


solution in figure 4. 


The viscosity rises with de- 


The isotherms relating viscosity to HCIO, con- 


tent are shown in figure 5. 
cosity rises as the HClO, content of the solution 


In general, the vis- 


creasing temperature for all solutions. The rise 
is especially rapid at low temperatures for the 
solutions of higher HCIO, content. 
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increases. This rise is especially rapid at the 
lower temperatures and for the more concentrated 


solutions. At temperatures below +20° C, how- 
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Figure 4.  Viseosity of perchloric-acid solutions as a 


function of temperature. 


ever, there are minima in the curves between 5 
and 20 percent of HClO, A redetermination of 
some points, in some cases with a different vis- 
cometer, has definitely established the existence 
of minima in this region. 

The inflections of the low-temperature isotherms 
at the higher acid compositions are interesting. 
The shapes of the curves suggest that the viscosi- 
ties may go through maxima for solutions of com- 
positions higher than those with which we worked. 
Even for a temperature as high as +50° C, van 
Wyk has reported a maximum in viscosity for a 
composition of about 80 percent of HClO, by 
weight. van Wyk’s data showing the maximum 
are given in table 7 (6). 


(c) Accuracy 


The experimental determinations plotted in 
figure 4 are the averages of repeated measure- 
ments; usually from three to six discharges were 
made for each point. Smooth curves were passed 
through the 95 experimental points except for 
two cases (70-percent solution at +30° and —30° 
C), where the deviations of the plotted points 
from the curve are about 0.3 percent. Graphical 
treatments of the data both as kinematic viscosi- 
ties and as absolute viscosities were carried out. 
The mean of the differences between the absolute 
viscosities arrived at in these two ways was less 
than 0.1 percent over the whole range of tem- 


TABLE 7. Comparison of NBS values with determination of van Wyk 


Percentage of HC1O,4 (by weight) 


Ml 
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NBs 
(1M4s) 


ool 
4 
nnd 
744 
S22 
“40 

1 owe 
1.324 
1. 4h 
2 076 


20 


9° C 


van Wyk 


(1906) 


zn 


Absolute viscosity, centipoises, at 


+m € 

NBsS— van NBs van Wyk N BS—van 
Wyk (1948) (1906) Wyk 
+0. 005 1.0438 1.042 +0. O01 
wo 1.080 1. 082 oor 
4 1. 139 1.141 wor 
OW 1. 228 1. 226 O08 
O12 1.345 1.348 — 008 
O28 1. S84 1. 422 +. O12 
ass 1. S21 1. 787 +. O04 
037 2. 237 2 18S +. 049 
O41 2.813 2. 735 +078 
o7TY +o +. 435 +. 125 
Osu 14M 1308 +. 141 
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solutions. 


peratures and solutions. The maximum differ- 
ence for any point was only 0.7 percent. 

The measurements are subject to systematic 
errors from several sources. Attempts were made 
to eliminate systematic errors introduced by un- 
certainties in the constants of the viscometers. 
The No. 50 and No. 100 viscometers were cali- 
brated with water and sulfuric-acid solutions. 
Three perchloric-acid solutions were measured at 
the ice point with each of these instruments. 
These measurements differed by less than 0.3 
percent. Uncertainties in estimating the time 
compensations for differences in temperature and 
surface tension are less than 0.1 percent 

Systematic errors in determining the composi- 
tion of the solutions have been avoided as far as 
possible by checking the results of the weight 
titrations by measurements of the specific gravity. 
Except for one solution, differences in the compo- 
sition as determined by the two methods would 
affect the viscosity by less than 0.1 percent. 
All the measurements have been calculated on the 
compositions determined by t.tration. Mean var- 
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iations of duplicate titrations affect the viscosit 
by only 0.04 percent. 

Accidental errors in measuring the temperature 
of the solutions were minimized by repetitions of 


Usually from three to six repeated 
discharges were made at each temperature. From 
the higher temperatures through —30° C, mercury- 
in-glass thermometers with 0.1° or 6.2° divisions 
The estimated uncertainty is +0.02° 
or +0.07 percent or less above —1° C; and some- 
what larger at — 10°, —20°, and —30°C, probably 
approaching +0.1° C or +0.5 percent in viscosity. 
At —40°, —50°, and —60° C, spirit thermometers 
of 1° C divisions were used. In this range the 
uncertainty is probably +0.1 or +0.2° C 
sponding to an uncertainty of as much as 2 or 3 
percent in viscosity. 

Errors in timing the discharges were also mini- 
mized by repeating the experiments. Estimates 
of the magnitude of these errors can be gotten 


the discharges. 


were used. 


, corre- 


from the variations in measurements at the ice 
point where variations of the temperature are 
negligible. In only three of the nine measure- 
ments at 0° C was the variation as great as 9.1! 
Therefore, we may say 
that accidental errors of timing even the fastest 
discharges were less than 0.1 percent. Instru- 
mental errors introduced from the calibration of 
the watch were of the same order of magnitude. 

The NBS density values used in computing the 
absolute viscosities were uncertain by about 0.1 


sec for repeated runs. 


percent or less. 
In conclusion, the uncertainty of all values 
given in tables 5 and 6 is 


1. For 0° to +50° C, less than 0.5 percent. 
2. For —10° to —30° C, 0.5 to 1.0 percent. 
3. At —40° C, about 2 percent. 

4. At —50° and —60° C, about 3 percent. 


(d) Comparison with Previous Determinations 


In the range of special interest for the present 
work, i. e. at the lower temperatures, no data were 
available in the literature. There were, however, 
some viscosity measurements at +50° and +20° 
C made in 1906 by van Wyk [6]. 

In table 7, values interpolated graphically from 
van Wyk’s data are compared with our data 
For the more dilute solutions, the data are in 
good agreement, but the differences increase as 
the concentration increases. At 70 percent of 


Journal of Research 








th 





sit 


ituire 
is of 
ated 
‘rom 
ury- 
s1Ons 
).02° 
ymle- 
ably 
sity 
‘ters 

the 
yrre- 


or 5 


rini- 
ates 
tten 
ice 
are 
ure- 
1] 
Sav 
test 
tru- 
1 of 
ide 
the 
0.1 


lues 





IClO,, our measurements differ from van Wyk’s 
ry 3 pereent. This difference is greater than the 
stimated uncertainty, but probably not greater 
han the uncertainty of the earlier work. 

In table 7 are also given some of van Wyk’s 
measurements for solutions above 70 percent. 
These are included to show that the curves of 
viscosity versus composition go through maxima 
at high compositions. The present data, which 
cover the range up to 70 percent of HClO, show 
inflections at the lower temperatures and suggest 
the existence of maxima. 


4. Electrical Resistivity 


(a) Apparatus 


The electrical bridge used was especially suited 
to measurements of electrolytic resistances. The 
authors are indebted to F. Wenner, formerly of 
this Bureau, for his assistance in planning the 
bridge. It consisted of two equal ratio arms 
having resistances of 10 ohms. The third arm 
was a decade resistance box with 0.1-ohm steps in 
the last dial. Between this and the fourth arm, 
i. e., the cell arm, there was a slide wire by means 
of which continuous resistance settings could be 
made. After each balance of the bridge with the 
cell, a high-precision noninductive decade resistor 
was substituted directly for the cell. This sub- 
stitution method of determining the cell resistance 
eliminated errors from several sources. The 
potential applied to the bridge was 0.5 v at 1,000 
cycles per second. The heating effect of the cur- 
rent was negligible, as shown by the fact that the 
change in resistance of the cell was less than 0.05 
percent after a continuous flow of the current 
through the cell for % hr. Ordinarily a measure- 
ment was completed within a minute or two after 
the bridge circuit was closed. 

The detector circuit consisted of a vacuum-tube 
booster amplifier and telephones. The telephone 
detector circuit was coupled to the bridge circuit 
by a small mutual inductor which permitted 
balancing any out-of-phase component of potential 
difference in the bridge. Resistance measure- 
ments could be repeated to 0.01 percent except 
for the highest values, where the precision was 
0.04 percent. 

Two conductivity cells having, respectively, 
cell-constants of 73.45, and 17.66, at 25° C were 
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employed. A Parker solution of 76.627, g¢ of 
purified potassium chloride per kilogram of dis- 
tilled water was used for determining the con- 
stants. The difference in resistivity of several 
perchloric-acid solutions measured with both cells 
was in each case less than the estimated experi- 
mental error from other sources. 

The temperature was controlled by immersing 
the cell in a Dewar flask containing au alcohol or 
water bath. The flask was covered with two layers 
of cork and was provided with a stirrer. 

For each resistance measurement the tempera- 
ture of the cell was measured by two liquid-in-glass 
thermometers with their bulbs placed close to 
the center of the conductivity cell. The tempera- 
tures were read through a telescope, and corree- 
tions for scale readings and for emergent-stem 
temperatures were applied to the readings. For 
temperatures above —38° C mercury thermom- 
eters graduated to 0.1° or 0.2° C were used. 
For temperatures below —38° C, toluene ther- 
mometers graduated in centigrade degrees, and 
mercury-thallium-alloy thermometers graduated 
to 0.5° F (about 0.3° C) were used. The solutions 
were the same as those for the density and viscosity 
measurements. 


(b) Experimental Results 


The resistance of each solution was measured 
at 10-deg intervals from +50° C down to the 
freezing temperature of the solution. Each solu- 
tion was measured at each temperature from two 
to eight times. The individual observations were 
plotted on large seales, and the weighted mean 
values were determined. Resistivities, calculated 
from the mean resistances, were then plotted with 
respect to temperature for each solution. Resis- 
tivities at 10-deg intervals, with the addition of 
values for +15° and +25° C, were read from the 
curves. By using these resistivity values, iso- 
thermal curves for resistivity have been plotted 
against percentage composition of acid. These 
curves are shown in figure 6. 

Table 8 gives the complete results of our meas- 
urements. The values of table 8 were read in 
part from the large scale plots of figure 6, in part 
from sectional plots made on a larger scale for low 
resistivities, and from semilogarithmic plots for 
resistivities above 20 ohm-cm. 


317 





PDP LPPIEEARISD 2 PPI OICIP SS 


a2 3 £99 


PIKIIWT Peo 











TaBie 8. Resistivity of perchloric-acid solutions 





Temperature 


} 10 15 » 25 30 
a + Ohm-c 
+i 227 1. 580 1. 272 1. 106 1. 028 
+H) 2. 42 1. 730 1. 397 1.219 1. 132 
+0 2.715 1. 933 1. Mi2 1. 362 1. M2 
+25 2 80s 2004 1 on 1. 451 1.344 
+a 3.100 2240 1.776 1. 551 1. 436 
+15 $. 342 2.359 1. 9068 1. 670 1. 47 
+0 3. 628 2. m2 2.072 109 1. 165 
o 4420 3.005 2. 485 2. 169 1. 992 
1 «(3.70 $. 12 2 1 2.44 
a $. 176 
0 
~" 
Mw 
“a 


* Values given in parentheses are extrapolated 
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Figure 6. Resistivity of perchloric-acid solutions. 


(c) Accuracy of Measurements 
Several experimental errors were discussed in 
connection with the description of the apparatus 
in section I, 4 (a). These uncertainties in the 
measurements were less than 0.05 percent. 


318 








35 ww 45 aw ys) ma) is 70 } 


m Ohm-cm Ohm-cm Ohm-cm Ohm-cm Ohm-cm Ohm-cm Ohm-cm Ohm-cm Ohm-cm Ohm-cm Ohm-cm Ohm-em | 


0. 990 1.001 1.056 1.154 1.318 1. 40 1. 903 2. 401 


1.095 1. 106 1. 169 1. 286 1.470 1.725 2.124 2.74 
1. 222 1. 240 1.34 1. 452 1. 668 1. 961 2.417 | 3.084 | 
1.301 1.320 1. 405 1.551 1. 792 2. 106 2. 508 3.314 
1. 393 Lau 1 502 1. 670 1. 02s 2. 275 2. 776 3. 575 
1.499 1. 525 1. 626 1800 2.102 2 482 3.040 3. 876 } 
1. 616 1. 47 1. 757 1.4 2. 2s6 2. 705 3.372 4.227 | 
1.920 1. 068 2101 2.376 2. 792 3.320 4.120 f.129 | 
2.3m 2. 436 2. 622 2. YR2 3. 551 4. 242 5.24 6.418 | 
3.076 3. 133 $. 396 3.919 4.755 5. 742 6.97 6.395 | 
(4. 25) 4.2%) 4. 657 5. 505 6. S60 S402 4 OS 11. 59 
(6.17) 6.21 6.88 S44 Wa 18. 82 
10. 41 12.02 22.6 27.1 | 
768 | 


Uncertainties in the determination of the acid 
content of the solutions did not affect the resistiv- 
ity values by more than 0.06 percent in any solu- 
tion. 

The greatest uncertainties were introduced by 
the variations and measurements of temperature. 
From —30° to +50° C uncertainties due to tem- 
perature were probably 0.1 percent or less. At 
—40° C the uncertainty introduced by the temp- 
erature was from 0.5 to 1 percent, and at —50° and 
—60° C it was probably between 1 and 2 percent. 

Interpolated values read from carefully drawn 
curves for all observations above —30° C probably 
are not in error by more than 0.1 percent in the 
vicinity of the plotted points. Intermediate 
values read from the curves, however, may be 
subject to greater errors, but these are quite cer- 
tainly less than 0.5 percent. In the following 
tabulation an estimate of the errors from all 
sources is given for the various parts of the work. 

In conclusion, the uncertainty of values given 
in table 8 for points in the vicinity of the experi- 
mental values are 


1. For —30° to +50° C, not more than 0.1 
percent (except for the 10-pereent solution 


at O° C). 
2. At —40° C, less than 1 percent. 
3. At —50° and —60° C, less than 2 percent. 


Values intermediate between the experimental 
values are probably not uncertain by more than 
0.5 percent. These are the values given in table 
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for +15° and + 25° C and for 15-, 25-, 35-, and 


5-percent-acid solutions, 





5. Relation Between Resistivity, Kinematic 
Viscosity, and Temperature 


Vinal and Craig [7] found in their work on the 
resistivity and viscosity of sulfuric-acid solutions 
un interesting empirical relation connecting these 
properties with the absolute temperature, 7. 
They found that 

log (20 kinematic viscosity) K=0.100. 
\ T log (6 resistivity) 
The constant AT was found to be 0.100 (average 
deviation of only 1 percent) for 28- to 45-percent 
H,SO, solutions, and extending over the tempera- 
ture range of their work, —40° to +30° C, 

The kinematic viscosity and resistivity of per- 
chloric acid solutions are related by a function of 
the same form 

log (90x kinematic viscosity) K=0.100. 
y T log (4 resistivity) 
for solutions varving from 30 to 60 percent of 
HClO, and over the temperature range — 50° to 
~50°C. 

The values of A for each HCIO, solution are 
given in table 9. From the table it can be seen 
that values of A for the 10-, 20-, and 70-percent 
HCIO, solutions are not constant with respect to 
either temperature or concentration. Over the 
range of compositions where the relation does 
apply, i. e., 30 to 60 percent of acid, the average 
deviation is 1.8 percent. Over the entire range of 
the solutions, the average deviation is 6.7 percent. 

It is interesting that the same type of function 
applies to concentrated solutions of sulfurie and 
perchloric acids and that the value of A is essen- 
tially 0.1 for both acids. 

In table 9 are also given values for the log fune- 
tions used in calculating A. These are included 
for convenience in finding intermediate values of 
resistivity and viscosity. The reciprocals of these 
log functions are nearly linear relations of the 
temperature and composition. 


Aqueous Solutions of Perchloric Acid 


TABLE 9. 


HCW, 


Percent 
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Relaticn between resistivity, kinematic viscosity, 


and absolute temperature 


Pemperature loy 





. = log 
er (4Xresis- K 
r JT cosit y) tivity) 

oy ifs 4 (° Aha)’ 
+) 323. 16 17. OS 1.0874 0.9459 0.06010 
A 313. 16 17.70 1. we2 . OST3 (mid 
30 303. 16 17.41 1. TSAI 1. 0358 Onsy 
» 293. 16 17. 12 1. 2810 104 (isd 
th 283. 16 16. 83 1. 3824 1, 17 O707 
0 273. 16 16. 53 1. MS] 1. 2475 0731 
uM 323. 16 17. OS 1.0422 0. 7008 . 0820 
") 315. 16 17.70 1. 1088 7473 Hats 
30 wi3. 16 17. 41 1 Isto . 7957 Us4 
1) 293. 16 17.12 1. 2681 S515 S70 
10 283. 16 16.83 ee Gis OSS. 
0 273. 16 16. 5B 14780 wee Osun 
-1l0 263. 16 I. 22 1. O113 1. 0037 . 0908 
+) 323. 16 17. 98 1. 00837 0. 6140 0065 
al 313. 16 17. 70 1. 1258 H55u 70 
30 303. 16 17.41 1. 1004 7031 0977 
PI) 293. 16 17.12 1. 2769 72 (WS2 
10 283. 16 16.88 1. 3685 . 8235 . OUST 
0 273. 16 16. 53 1.4745 .vo4 cue 
—10 263. 16 16, 22 1. 5009 GUST ous 
» 253. 16 15.91 1. 7451 1. 1039 cn 
+) $23. 16 17. aS 11114 Oo as 1 
10 313.16 17.70 1.1720 Hos 1025 
30 308, 16, 17.41 1. 2400 HOAS 124 
2 245. 16 7.12 1.3176 7525 1023 
Ww 285. 16 16. 83 1. 4089 SIAS 122 
0 273. 16 16, 53 1. M4 suit . WIS 
—l 263. 16 16, 22 1. 1304 USST WIT 
— 253. 16 15.91 1. 7725 1. 0980 LOLS 
—30 243. 16 15. 59 1. 9455 1. 2404 10M 
-4") 233. 16 15. 27 2. 15M4 1. 3951 11S 
mw 225. 16 14.4 2. 4304 1. 6195 1005 
+5) 323. 1¢ 17 OS 1.1535 1025 
tn) 313. 16 17.70 1.2011 Wwe 
30 303. 16 17.41 1. 2797 1m 
» 243. 16 17.12 1. 3576 101s 
1 283. 16 16.83 1.4475 lols 
0 273. 16 16. 43 1. S505 wi2 
10 265. 16 16. 22 1. 6738 lll 
a» 253. 16 15. 91 1 S210 how 
30 243. 16 15. 50 2014 WS 
0 233. 16 15. 27 2.2315 O15 
Mw 223. 16 14.04 2 5148 1h 
+h 23.16 17. OS 1. 26 Owes 100s 
0) 313.16 17.70 1. 2630 71S 1M 
w 308.16 17.41 1. 3344 THe loans 
» 293. 16 17.12 1. 4136 S24s lool 
Ww 283. 16 WSS 1 ww SuS2 low 
0 273. 16 16. 53 1.6117 or7e aauy 
10 263. 16 It. 22 1. 741s 1 0708 aug. 
—20 253. 16 15.91 1. SUAS 1. 1952 au 
ao 243. 16 15. 59 2 (52 1. 3428 lool 
0 233. 16 15. 27 2. 3432 1. 5284 hs 
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TaBLe 9. Relation between resistivity, kinematic viscosity, 
and absolute tem perature—Continued 
Temperature log - * 
HCI (oxkine- (axresis- 
T VT cosity) tivity) 
Percent °C © Abe | (°< 1 i | 
+50 | 323.16 1.2676 0.7208 (0.0979 | 
40 313. 16 ‘ 1. 3308 . 7604 . 0977 
30 | 303.16 1.4018 843 | .0877 -—-DEWAR FLASK 
2 283.16 7.12 | 1.4863 | .9872 | .0077 
10-83. 16 5S 1. 5814 9611 . 0978 j 2 
55 0 273. 16 b. i 1. 6934 1. 0480 . 0978 
—10 263. 16 i 1. 8322 1. 1524 . 0980 
—w 253. 16 5.9 2. 0000 1. 2792 OUSS 
—30 243. 16 ‘ 2. 1960 1. 4390 0979 | 
—w 233. 16 5.27 2.4975 1. 6478 . 0998 
—W 223. 16 g 2.44 1. 9562 . 1009 
+h) 323.16 17. 9S 1. 3416 0. 7806 0945 a 
4 313.16 17.70 MOT) ONS 
30 «308.16 TAO ATOT— 8085.00 
2 203.16 17.12 1.5647. 9590 0953 are 
10 283. 16 16.85 1. 6635 1. 0342 . 0956 STIRRER P 
60 0 | 273.16 16.53 | 1.7818 | 1.1232 0960 : 
-10 | 263.16 16.22 1.9310 1, 2296 0968 HC104 SOLUTION s 
—200 | 253.16 15.91 §=.2.0006 1.3611 0970 AIR SPACE J t 
—30 243. 16 5 2 30M4 1. 5264 . 0970 
~40 233. 16 2. 6337 1. 7426 .0990 s 
—0 | 223.16 3.0477 2.0350 1002 ALCOHOL BATH s 
00 | 213.16 3.6212 2.4874 ow | 
‘ \ 
+50 323. 16 17.98 1. 3092 0. 9824 0854 
40 313. 16 17.70 1.5754 1. 0841 0861 
0 © «303.16 7.41 OHSS 0912. 0868 
~- 2 | 203.16 17.12 | LG3i4 | 1.1588 - 0875 Ficure 7. Freezing and melting temperature apparatus. 
. 10 282. 16 16.83 1. S283 1. DSI OSS . . 
0 273. 16 16. 53 1. 9361 1.3121 . 0888 
—10 263. 16 16, 22 2. 0637 1, 4095 0908 
—0 | 253.16 15.91 2. 2163 1. 5261 0913 -10.0 
-—w 243. 1f 15. 59 2. 4076 1. 6661 . 0827 
ae a Se a a ae nici » 
oo 
Average K (omitting 10-, 20-, and 7-percent solutions) 0. 0995 rd 
Average deviation (omitting 10-, 20-, and 70-percent solu- e : 
tions 0018 “2.5 3 
Average K (all observations) . . 0050 a 
Average deviation (all observations) . . +. 067 = 
j a 
| 
6. Freezing Temperatures -20.0 -15.0 
The freezing temperatures of the various per- : 
chloric-acid solutions used in determining the 
other physical properties reported in this paper — 9 -225 
have been measured. On the more complicated & \, ; 
parts of the curve, the freezing temperatures of | & e 
some solutions of intermediate compositions were — § 
: 5. 
also measured. No attempt was made, however, © °° a] 
to determine the complete phase diagram as had . on 
been done earlier by van Wyk [8]. Both van he 
Wyk’s data and ours are represented graphically -275 
in figure 10. ad S var a 'S 20 
(a) Measurements ’ 
: . . Figure 8. Freezing curves for perchloric-acid solutions in 
Freezing and melting temperatures were meas- region where ice separates as solid phase. 
ured in an apparatus shown in figure 7. A 25-ml A, 9.7 percent of HC10,; B, 29.2 percent of HC10x. 
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Fiaure 9. Freezing and melting curves for 52-percent 


HCI1O, solution. 


sample was insulated from the bath by the air 
space between two concentric test tubes. A ver- 
tical shaft, motordriven stirrer of 100 to 150 
strokes per minute was provided for stirring the 
sample. The alcohol cooling- or warming-bath 
was contained in a clear Dewar flask. Small 


TABLE 10. Observed freezing and melting points of perchloric-acid solutions 


Estimated 
error of 
mean tem- 


Percentage Freezing Melting 
of HCO, tem pera- tem pera- 
(by weight) ture ture 


ture 
r °C ° ¢ 
9. 69 3.97 ‘ | 
9. 69 ~4.07 uuu. f 2! 
19.72 —11. 33 : l , 
19. 72 -11.50 i 
29.17 —25. 03 en 
29.17 —25. 03 ae i . 1 
40.01 —56.8 | 
40.01 —M 7 « i ~s 
2. 49 —55.8 —6.2 ) , 
42.49 —55.7 j =s 
44. 97 —51.5 } 5 
44.97 —51.6 : j = 
47.39 —47.2 —47.4 |] . 
47.39 WHO | cccccccecs j tie 
49.97 —45.3 | a 
49.97 —45.3 j asc 
51. 97 —45.3 —45.5 +.5 


amounts of solid carbon dioxide were added to 
keep the bath some 10 to 20 deg below or above 
the freezing or melting point of the solution. 
The temperature of the solution, which was 
continually stirred, was read at 30-sec intervals. 
These temperatures, plotted with respect to time, 
gave typical freezing and melting curves. The 
intersection of the solid and liquid curves gave 
the freezing or melting points of the solution. 
Typical curves are shown in figures 8 and 9. Two 
or more freezing experiments were made for each 
solution. Supercooling was especially noticeable 
in the 60- and 70-percent solutions, where the 
solution sometimes supercooled as much as 35 deg 
C. To bring about crystallization close to the 
freezing temperature, crystals were introduced 
from a partially frozen auxiliary solution of the 
same composition. Melting experiments were also 
run for a number of solutions and the freezing and 
melting temperatures were found to be in good 
agreement. These data are given in table 10. 
Mercury thermometers with 0.2° C divisions 
were used for solutions up to 30 percent of HCIO,. 


Estimated 
error of 
mean tem- 


Percentage Freezing Melting 
of HCO, tempera- tempera- 
(by weight) ture ture 





perature | 
| 
Cc ° Cc Cc | 
54.95 —52.8 n | 
54. 95 —52.8 fr $0.5 
54.95 —52.6 | | 
57.06 | —S37 . ot | 
57. 04 —54.0 —13.8 j 
5S —00.5 —59 Gelatinous 
mass. 
0.00 | 46.3 —416.9 
0.00 | —446.3 —46.8 
0.00 | 46.5 —46.7 
60. 00 —52.4 —52.0 
60.00 | 65.6 slaiilaeaiiers +0.5 
60. 00 —60 6 
60.00 —0.3 
60. 00 b— 5.6 | 
60. 00 60.9 
| 
om | 420 —42.5 
" <a +.5 
63.01 eemacind —42.7 j 
65.0 —30.7 39.6 | +8 
70. 02 —30.0 —%.9 | 
70.02 | —~s jj *° 





* This and the following two values were observed as flats on the same curve. 


> This and the following value were observed as flats on the same curve, 
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For the solutions from 40 to 70 percent of HCIO,, 
spirit thermometers with 1° C 
used. All thermometers had been calibrated, 
and tabular and emergent-stem corrections were 
applied for all readings. 


divisions were 


(b) Experimental Results 


The experimental freezing and melting tem- 
table 10, plotted with respect to 
composition of the perehloric-acid solutions are 
shown in figure 10, together with van Wyk’s more 
complete data. Freezing temperatures from the 
NBS curve are given in table 11. 


peratures, 


Taste ll. Freezing temperatures of perchloric-acid solutions 


(from fig. 10 


Percentage of HCO 
(by weight) 


Freezing 


temperature Solid phase 


0 0 H.O 
1. S7 Do 
Ww —4. 25 Do 
15 7.37 Do. 
» 11.75 Deo. 
25 1s. 2 Do 
uy —26.5 Do. 
S) 9. 1 Do 
" “MS Do. 
0.7 —W.7 H,O, HCIO, Hho 
42 57.0 HClO, rH,O 
a KM. 2 Do. 
" ~419.6 Do. 
4s ws Do. 
™) 5.0 Do. 
52 4 Do. 
“ 1 Do. 
a Mi Do, 
M1 MS HCO, cHLO, HClO, yH,O 
a ‘4 HCO, gH,O 
“ “i. 7 Do. 
ne 1.2 Do, 
“4 wes Do. 
tw) [—3s. 4] Do 
70 49 HCO, cHLO 


The first section of the curve, from 0 to 41 per- 
cent of HCIO,, is the region where ice separates on 
freezing. The solid phase separating from solu- 
tions above 41 percent consists of various hydrates 
of HCIO,. The eutectic point, determined by the 
intersection of the ice and hydrate curves, is at 
—59.7° C and 40.7 percent of HCIO,. 

In the region from 41 to 70 percent of HCIO,, 
the curve becomes more complicated. Our data 
lie in general on curves that have the same shape 
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Figure 10. Freezing curves of perchloric acid solutions. 


. NBS data Ms): @ . Van Wyk’'s data (1906). 
as van Wyk’s. A second eutectic was found for 56 
percent of acid at —57° C. 

The 60-percent-acid solution presented a very 
interesting problem. Over a range of 20 deg, 
from —46° to —66° C, four well-defined and 
reproducible “flats” were observed on the time- 
temperature curves. The temperatures of —46.5° 
and —52° C were determined both by freezing 
and by melting curves. The two lower tempera- 
tures, —60.5° and —65.6° C, were observed only 
on freezing curves. The solid nature of these 
solutions on freezing made stirring impossible and 
hence no reliable melting curves were obtainable. 

van Wyk [8] made extensive measurements on 
the freezing of perchloric-acid solutions. His 
data, converted to weight percent, have been 
plotted in figure 10. The temperatures observed 
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vy van Wyk are in many cases outside the experi- 

ental error of the NBS work. Since van Wyk 
cave no diagram of his freezing apparatus, used 
no stirrer except his thermometer, did not in 
veneral plot time-temperature curves, and gave no 
indication of having made corrections for emer- 
vent-stem temperatures for his alcohol thermom- 
eter, it is not possible to estimate the accuracy of 
his temperatures, 


II. Properties of Perchloric-Acid Solutions 
Applied to Batteries 


With the recent demands for more powerful 
batteries to operate at extreme low temperatures, 
the NBS perchloric-acid battery [9] was developed. 
The physical properties of the acid solutions re- 
ported in section | were measured to supplement 
meager data in the literature. Some comparisons 
of solutions of sulfuric and perchloric acids used 
in batteries are given here. Since during discharge 
of the lead-acid battery various concentrations of 
lead ions are in solution, resistivities of perchloric- 
acid solutions containing lead have been measured. 


1. Comparison of Sulfuric- and Perchloric-Acid 
Solutions 


(a) Viscosities 


A comparison of perchloric and sulfuric acids 
ordinarily used in batteries is of interest. A 50- 
percent solution of perchloric acid is one that has 
been used in batteries designed for service over 
wide ranges of temperature, and 37 percent of 
sulfuric acid (sp gr 1.280) is the usual solution in 
the fully charged lead-acid storage battery. In 
table 12 the viscosities of these solutions are com- 
pared from +30° to —40° C. The perchloric 
acid is, in all eases, less viscous than the sulfuric. 
At room temperatures the viscosity of the perch- 
loric is only three-fourths that of the sulfuric and 
at the lower temperatures it is only six-tenths as 
much. 

In table 13 the viscosities of perchloric and sul- 
furic acids of the same equivalent strengths are 
compared, Acids containing 50 percent of HCIO, 
and 28.41 pereent of H,SO, each contains 6.964 
gram-equivalents per liter. At room temperature 
perchloric acid is slightly less viscous than the 
equivalent sulfurie acid, but at the lower tempera- 
tures it is only 80 percent as viscous. 


Aqueous Solutions of Perchloric Acid 


TABLE 12. Comparison of viscosities of perchloric- and 
sulfuric-acid solutions of concentrations commonly used 
in the respective types of batteries 


Sulfurie acid, Ratio 


Temperature = 530°) HC1O, 1.280 sp ers 
(7.4% eso.) Mucio,/ "4,80, 
Cc Centipoises Centi poises 

+0 1.10 
+4) 1. 27 e 
+30 1.51 | 1 0. 7s 
+25 1.65 | 2. 22 7 
+ 1&2 | 2.49 73 
+10 2. 27 | 3. 22 | 70 

0 2.91 4.35 67 
10 3.96 6.15 64 
—a 5.73 9.15 | i“ 
—30 90S 4.9 | 
—w 16.2 2.9 } wo 
—K") 5 


*G.W, Vinal and D. N. Craig, BS J. Research 1@, 781 (1983) RPS, 


TABLE 13. Comparison of perchloric- and sulfuric-acid 
solutions containing the same number of equivalents of the 


respective acids per liter 


a, HCO 28.41% HaSOa" Ratio 
Temperature couedtena Pee na mee TMucio,/ 7 H,80, 
liter liter) 
Cc Centi poises Centi poises 

+3... 1.10 — | 
+40... 1.27 
+30 1.51 | 1.4 0. OS 
oe 1.65 1.71 7 
+20.... 1.82 1.93 “4 
+10 2.27 2. 49 v1 

0 2.91 3. 37 st 
—W... 3. 96 4.78 sS 
—®) 5. 73 7.22 79 
—30 9. 08 11.7 78 
—*”) 16, 2 


*G_W. Vinal and D. N. Craig, BS J. Research 10, 781 (1983) RP 566, 


(b) Resistivities 

For each temperature the concentration of 
HCO, having minimum resistivity is 36 percent 
(fig. 6 and table 14). Forty percent of acid, 
which is the lowest concentration commonly used 
in experimental batteries, has a resistivity only 
about 2 percent higher than the minimum resis- 
tivity at each temperature. As the concentra- 
tion of acid is increased, the resistivity increases 
markedly. Ratios of the resistivities of 45- to 
70-percent acid to the resistivity of 40 percent acid 
are given for various temperatures in table 15. 
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TaBLe 14. Comparison of minimum resistivities, of per- 
chloric- and sulfuric-acid solutions for the various tem- 
peratures * 





| Perehlorie acid Sulfurie acid 
ae. a : Fe Ratio of 
Temperature col. 3to | 
Conecen- Resis- | Concen- Resis- col. 5 
tration tivity tration tivity 
Cc Percent | Ohm-cm_ = Percent | Ohm-cm 
+) 36 0. O88 ie hae 
+40 : 26 1. 093 ; ole 
+30 36 1. 221 31.5 1.129 1.08 
25 36 1. 300 31.1 1213 | 1.07 
+) 36 | 1.392 30.6 1.310 1.06 
+15. . 36 law 30.2 1. 425 1.05 
+10 36 1.617 28 1. wi2 1.038 
| 0 36 1. 920 28.8 1. 928 1.00 
| —10 36 238 27.9 248 | 0.96 
|} —20 36 3. 08 26.9 3.34 - 92 
} 
— 30. 36 b (4. 23) 
~*") 36 bi. 14) 


* Isotherms for the resistivity of perchloric acid are shown in figure 6. For 
sulfuric acid, reference should be made to figure 1 of the paper by Vinal and 
Crnig [7). 

» Extrapolated value. 


TABLE 15. Ratio of resistivities to resistivity of 40-percent- 


HCO, solutions 


Percentage of HC1O, 


Temper- 
ature 
45 ct) > om 65 70 
' 
°C 
+50 1.055 1.13 1.312 1538 | 101 2.309 
+H) 1. 057 1. 163 1.329 1. 560 1.920 2.445 
+o 1. 060 1.171 1.345 1, S81 1.449 2. 487 
+25 1.064 1.175 1. 358 1. 506 1. 968 2.511 
+2) 1. 062 1. 181 1. 34 1. 609 1.068 2. 528 
|} +15 1. 066 1. 186 1.378 1. 627 1. 998 2. M1 
| +10 1. 067 1.192 1. 388 1. 42 2048 2. 567 
0 1.072 1. 07 1.419 1. 687 2. 093 2. 606 
—10 1. 076 1. 224 1. 458 1.741 2.151 2 635 
-2) 1.0M4 1, 251 1. 518 1 S2 2. 225 2. 678 
| —30 1. 006 1. 297 1. 617 1.977 2348 | 2.727 
—40 1.11 1. 36 1.79 2. 22 
—i 1.16 2.17 200 


The choice of concentrations of perchloric acid 
for use in any particular application of a battery 
depends on a variety of conditions, such as the 
current drain, the lowest temperatures to which 
the batteries may be exposed, the materials em- 
ployed in construction, and the permissible volume 
of the electrolyte. No acid stronger than 70 
percent is used, and the lower limit is probably 40 
percent. The tables therefore cover the entire 
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range of concentrations and temperatures tha 
may be needed for any application of the battery 

The minimum resistivities for perchloric- an 
sulfuric-acid solutions are given in table 14 
Over the whole temperature range, from + 50 
to —40° C, the perchloric acid of minimum 
resistivity is very close to 36 percent by weight 
The composition of sulfuric acid, on the other 
hand, shifts from 31.5 percent at +30° C to 26.9 
percent at —20° C for minima in the resistivity 
curves. For temperatures above 0° C, sulfuric 
acid has lower minimum resistivities than per- 
chloric acid, whereas for temperatures below 0° 
C, the sulfuric acid minima are higher than those 
of perchloric acid. 

A comparison of the resistivities of perchloric- 
and sulfuric-acid solutions of concentrations com- 
monly used in the respective types of batteries is 
given in table 16. Fifty percent of perchloric acid 
is compared with sulfuric acid of 1.280 sp gr 
25°C /25°C (374% of H.SO, by weight). For 
temperatures above —30° C, the resistivity of the 
sulfuric acid is less than that of the perchloric 
acid. At —40° C, however, the resistivity of 
perchloric acid is 3 percent less than that of the 
sulfuric. 


TABLE 16. Comparison of resistivities of perchloric- and 
sulfuric-acid solutions of concentrations commonly used 


in the respective types of batteries 


Sulfuric acid, 
1.280 sp gr 


I pe yy Ratio, col. 2 


Temperature to col. 3 


percent 37.4 percent 
°*C¢ | Ohm-cm Ohm-cm 

+3... 116 
+40 1, 286 : ave 
+30 1. 452 1. 165 1.25 
+25 1. 551 1. 258 1.3 
+2) 1. 670 1. 367 1.22 
+15 ‘ 1. 809 1. 493 1.21 
+10 ‘ 1. 964 1. 49 1.19 

0 7 2.376 2. 064 1.15 
—10 . 2. 98 2.69 1.11 
—2 ‘ 3.92 3. 68 1.06 
30... , : 5.51 541 1.02 
=O 6«< sun 8,44 8.71 0.97 


A further comparison between perchloric- and 
sulfuric-acid solutions can be made for acids that 
have the same number of equivalents per liter. 
Fifty percent of HCIO, is equivalent to 28.41 
percent of H,SO,; each solution contains 6.964 
gram-equivalents per liter. The resitivities of 
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hese acids are given in table 17. For each tem- 
erature the resistivity of perchloric is greater 
han that of sulfuric acid, but as the temperature 
s lowered the ratio of the resistivity of perchloric 
io the resistivity of sulfurie decreases. 


PaRLE 17. Comparison of resistivities of perchloric- and 
sulfuric-acid solutions containing the same number of 
equivalents of the respective acids per liter 


50 pereent 28.41 percent 


Temperature HC104, 6.964  HeSO4, 6.964 Ratio of col | 


gram-equiv- gram-equiv- 2Ztocol3 
alents/liter alents/liter 
( Ohm-cm Ohm-cm 
+50 1.16 
+40 1, 286 
+30 1. 452 1. 139 1. 274 
+25 1. 551 1. 221 1. 270 
+n 1. 670 1.317 1, 268 
+15 1. suo 1. 431 1, 24 
+10 Lon 1. 06 1.254 
0 2.376 1. 928 1. 22 
—l 2. 0S 2.48 1.2 
mT) 3. 92 3. 36 1.17 
Bh) 5. 51 4.95 1.11 
") 8.44 


Perchloric, like sulfuric, is a strong acid which 
provides solutions of low resistivity (high conduc- 
tivity). On a practical basis, the comparison of 
solutions that would normally be employed in 
batteries shows an advantage for the perchloric 
acid solutions at the lower temperatures. The 
data given in these tables and graphically repre- 
sented in figure 6 should enable one to select the 
best perchloric-acid electrolyte for any specified 
condition of operation. 


2. Resistivity of Perchloric-Acid Solutions 
Containing Lead Perchlorate 


(a) Apparatus 


The apparatus and bridge used in making these 
measurements were the same as those used for the 
resistivities of perchloric-acid solutions described 
in section I, 4. 

Solutions equivalent to the solution in a battery 
after different stages of discharge were prepared by 
adding basic lead carbonate (PbCO,),.Pb(OH), 
(assay 78.62% Pb) to various perchloric-acid solu- 
tions in amounts required to yield solutions con- 
taining 0, 5.0, 10.0, 20.0, and 30.0 percent of Pb. 
The initial solutions contained 30.1, 40.2, 50.0, 
60.0, and 69.9 percent of HCIO,. The composition 
of the initial acids was determined by measuring 
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the resistivity, and several solutions were checked 
by density determinations. The Pb content and 
the HCIO, content of the various solutions after 
the addition of the salt (PbCO,),.Pb(OH), were 
calculated from the carefully weighed portions of 
this salt that were added to weighed portions of 
acid solutions. The free acid remaining in six of 
the solutions was determined by weight titrations. 
Since the calculated values did not differ by more 
than 0.2 percent from the titrated values, the 
calculated acid compositions of all the solutions 
were considered satisfactory. 
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Figure 11. Resistivities at 25° C of solutions containing 
initially 1,000 g of the specified concentrations of HCO, 
in which the indicated amounts of lead perchlorate have 
been formed, 
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(b) Experimental Measurements 


The resistance of each solution was measured at 
~5O°, + 25°, 0°, and —25°, and at —40° C if the 
solution did not freeze at that temperature. Some 
solutions were also measured at +75° C. Several 
measurements were made at each temperature and 
the mean value used in calculating the resistivity. 
Plots relating resistivity to temperature were used 
for interpolating the resistivities at even tempera- 
ture values. For each temperature and for each 
lead content a curve relating resistivity to the 
percentage of HCIO, was drawn. From these large- 
scale work-curves, values used in plotting the 
curves of figure 11 and similar curves for —40°, 

25°, O°, + 50°, and +-75° C were read. 

The reaction in the NBS battery containing 
perchloric acid may be represented by the equation 


TABLE 18. 





Initial HC1O, a Pbinsolu- HCO, 
asia all tion reacted 
Percentage 
Percent amp-hr Percent ofinitialacid 
0 0 0 
Ww 7.14 5.35 
2» 13.2 10.7 
70 SD Is. 6 16.1 
“" 33.2 21.4 
wD 27.3 26.58 
cD wg 32.1 
0 0 0 
Ww 4 6. 25 
wv 13.2 12.5 
“ 30 Is. 6 18.7 
40 23.2 25.0 
”) 27.3 31.2 
om wu 7.5 
0 0 0 
10 7.14 7.530 
y 13.2 15.0 
“) wu Is. 6 22.5 
0 23.2 wo 
” 2.3 7.5 
"o 9 45.0 
” i] “ 
Ww 7.14 9. 37 
0) a» 13.2 18.7 
3O Is. 6 28.1 
35 21.0 2.8 
0 0 “ 
10 7.14 12.5 
ou » 13. 2 25.0 
w Is. 6 7 
35 1.0 43.7 


* Solution freezes, 
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Pb + PbO, + 4HCIO,=2Pb(CIO,), + 2H,0. 


By this reaction, 15.14 g of Pb(CIO,), is formed for 
each ampere-hour the battery is discharged. For 
cells containing initially 1,000 g¢ of perchloric-acid 
solution, the number of ampere-hours and the 
final HCIO, content were calculated for solutions 
containing 5, 10, 20, and 30 percent of Pb. The 
solutions calculated for the perchloric-acid battery 
after various discharges had the same Pb content 
but slightly different HCIO, content from the 
experimental solutions formed by adding basic 
lead carbonate to the perchloric-acid solutions. 
The resistivity corresponding to the exact acid 
content of the battery solutions was read from the 
large-scale work-curves, described above, which 
related resistivity to percentage of HCIO,. 

The curves of figure 11 relate the resistivity at 


Resistivities of HCLOg Pb(ClOy)»-H,O solutions 


Resistivity at 


+75° C +r C +25° C eC —25° CC —49° C 
Ohm-cm Ohm-cem Ohm-cm Ohm-cm Ohm-cm Ohm-em | 
2.40 3.31 5.138 10.0 4 
1.92 2m 3. 55 5.61 11.6 23.5 
24 280 4.04 6.77 15.6 6.3 
24 3.24 4.82 s. 67 23.0 58.1 
2. 82 3.86 5.91 11.5 35.7 100 
3. 30 4.71 7.39 15.6 Mi. 7 191 
3.88 5.81 9.39 21.4 92.5 412 
1.4 2.11 3. 32 os 13.8 
1.37 1.73 2. 42 3.04 ss 19.2 
1&) 1.96 2. 78 4.75 11.3 26.5 
1.70 2. 24 3. 25 5.78 4.4 M65 
1.95 2.59 3.0 7.14 18.5 49.7 
2. 27 3. 06 is S44 4.4 8 
2.71 3. 73 6.00 11.4 33.7 sy. 0 
115 155 2. 38 4.59 S44 
1.05 1.30 1.79 2. 75 5. 45 10.3 
11s 149 20 3. 25 6.65 13.0 
1. 38 1.76 248 3.95 | 8.45 17.1 
1. 66 2.14 4 4.97 11.3 23.6 
204 268 + 88 6.50 15.6 33.9 
2. 55 41 5.05 s. 91 21.6 7 
10 1.32 1.97 3. 61 6, 21 
1.17 1 2.34 4.40 7.59 
1.38 1. S86 2. 87 5.49 &.S3 
170 2.35 3.08 7.19 s) 
1.4 ) 419 ds. 46 ® 
1.0 1.34 199 s) 
1.2 1. 68 2.51 , 4.69 (s) 
1. 66 2. 21 844 bd 
233 3. 3 5A7Z (* (*) 
24 4.04 6.0 (a) a ' 
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25° C of solutions, equivalent to those in a bat- 
tery, to the ampere-hour discharge. The various 
curves represent the conditions in a battery that 
initially contained 1,000 ¢ of 30-, 40-, 50-, 60-, or 
7U-pereent HCIO, solutions by weight. As the 
battery discharges, i. e., as H* ions are replaced by 
Ph*~ ions, the resistivity of the solutions increases. 
The effect of temperature on resistivity is increas- 
ingly important as the battery discharges. 

For every 5 ampere-hours, the resistivity values 
were read from each curve of figure 11 and similar 
curves for each experimental temperature. The 
differences between successive values were plotted 
and smoothed. These smoothed values are given 
for 10-ampere-hour intervals in table 18. 


(c) Accuracy of Measurements 


Errors introduced in the measurements from 
40° to +25° C by uncertainties in the value of 


the cell constant, the heating effect of the current 
through the cell, and the measurement of resist- 
ance were less than 0.05 percent, as shown for the 
resistivity of perchloric-acid solutions (section I, 4). 
These uncertainties were the same for measure- 
ments at +50° and +75° C except for the cell 
constant, where the uncertainty was less than 0.5 
percent and usually about 0.2 percent. 
Uncertainties from other sources in the resis- 
tivity measurements of solutions containing Pb** 
ions are somewhat larger than for solutions of the 
pure acid. The composition of the solutions was 
known to about 0.2 percent, and the corresponding 
uncertainty in resistivity was 0.2 percent. Tem- 
peratures were controlled and measured to about 
0.05 to 0.1 deg C above —30° C, and to about 
0.3 deg at —40° CC. These uncertainties in the 
temperatures of the solution did not introduce un- 
certainties greater than 0.4 percent above —30° C 


TABLE 19. Relative resistivities 


Discharge *  (amp-hr 0 10 
Percent Pb 0 7.14 
Te . Initial 
-- “e HC1O, 
content 
© Percent 
| 70 ‘ 100 
40 a » O. S17 
| mM) - 448 
| 4) saint 323 
| 70 100 1.00 
ie i 0. 679 0. 754 
ee | 50 459 470 
| 0) 361 379 


70 100 1.00 
“wu 0. 647 0. 702 
™ is am) 
" 3M 47 
30 SAS ae 


70 1.00 100 
“ 0. 635 0. 682 


" sus 437 
30 4065) 473 


70 Loo 1.00 
Pu 0. 42 0. 682 
Mw) isl 513 
“ 417 4) 
30 428 MS 


70 Loo 10 
ta) — 0.714 


| 
| 
| 
| 
: 


* Discharge for cell that initially contained 1,000 g of perchloric-acid solut ix 
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100 
1. 730 
Sas 
2438 


1.00 
0.724 
- 426 


352 


1.00 

0.701 
is) 
124 
is 


iu) 


Loo 
TO 
m2 
491 

. 38 


. 551 


Is. 6 23. 2 27.3 30.9 


Ratio of resistivities to resistivity of 70-percent solutions 


Lo Loo Loo Lo 
0. 626 0. 406, 0.350 0. 216 
2u4 236 W7 123 
Loo 100 Loo 10 
0. 626 0. 51S 0. 430 0. 364 
367 318 274 . 233 
313 
10 oo Loo oo 
0. 0.620 0. 573 0. 53 
455 32 417 47 
422 (. 419) 
Sy 
Loo 100 Loo 1.00 
0.674 0. 660 0. 649 0. 69 
BIS 514 525 53S 
iss 
670 
Lom oo Loo Low 
0. 692 0. 670 0. 650 0. 642 
as i) 4 My 5ST 
23 
719 
100 10 100 Loo 
0. 697 0. 688 0. 68s 0. 60s 
Wi) . 0 Hs Hoe 
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and 2.5 percent at —40° C. To summarize, the 
uncertainty of values in the vicinity of the experi- 
mental points is probably less than 1 percent above 

30° C and 3 percent at —40° C. 

Values intermediate between the experimentally 
determined values may be in error by several 
The largest uncertainties are in the re- 
sistivities at —40° C for the more concentrated 
Pb(C1O,),—HCIO, solutions 
sponding to those in batteries after 35 to 60- 
Here the uncertainty 
For all other 
measurements the uncertainties probably do not 


percent. 
solutions corre- 


ampere-hour discharges. 
may be as much as 5 percent. 


exceed 3 percent and in most cases are less than 
2 percent. 
(d) Discussion of Results 


A comparison of the relative resistivities of 
solutions during discharges of batteries which 
initially contained acids of different HCIO, content 
is interesting. The ratios of the resistivity of the 
various solutions to the resistivity of a “70-per- 
cent-acid battery’’® are given in table 19 for various 
discharges over the temperature range from —40° 
to +75° C. 

From table 19 it can be seen that at room and 
higher temperatures the relative resistivities 
change very little as the battery discharges. 
Throughout the discharge at room temperature 
the resistivity of the 60-percent-acid battery is 
about two-thirds that of the 70-percent-acid bat- 
tery solution, the 50-percent battery about one- 
half, and the 40-percent battery slightly less than 
one-half. The ratio of the 30-percent to the 70- 
percent battery solution does increase somewhat 
with the discharge. 

The number of ampere-hours that a battery 
containing initially 1,000 grams of perchloric-acid 
solution may be discharged before the acid con- 
tent has decreased to 10 percent is given in table 
20. This is an indication of the low-rate-discharge 
capacity of batteries containing a given weight of 
solution of different perchloric-acid concentra- 
tions. 


The phrase “70-percent-acid battery” is used to refer to a solution in 
which the acid content is initially 70 percent. Only the solution at 0 ampere- 
hour is 70 percent, since HC1O, reacts to form Pb(C104)2 as the battery dis- 
charges. A 70-percent battery at 2) ampere-hours therefore refers to a battery 
in which the solution contains only 47.2 percent of HC10,4 and 13.2 percent 
of Pb. 





TaBLe 20. Theoretical capacity of battery before acd 


concentration falls to 10 percent 


'Initial perchlo- 


Theoretics 
ric-acid solution, pretical 


1,000 g capacity 
HCO, amp-hr 
70 72.1 
wo wo. 1 
w» isl 
40 36.1 
3 24.0 


(e) Summary 


The resistivities of aqueous solutions of per- 
chlorie acid and lead perchlorate of the composi- 
tion of solutions in the NBS battery during dis- 
charge have been measured for solutions from 30- 
to 70-percent initial HCIO, contents These meas- 
urements extended from —40° to +75° CC. In 
each of these solutions the resistivity increases 
as the battery discharges, i. e., as Pb** ions 
replace H* ions in solution. At room tempera- 
ture and above, the rate of change of the 40-, 50-. 
60-, and 70-percent-acid battery solutions during 
discharge is constant. At lower temperatures, 
especially at —25° and —40° C, the 70-percent- 
acid battery solution increases much more rapidly 
during discharge than do the 50- and 60-percent- 
acid solutions. 
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